Categorical Foundations for CuTe Layouts

Colfax Research

September 2025



Abstract

NVIDIA’s CUTLASS library provides a robust and expressive set of methods for describing and
manipulating multi-dimensional tensor data on the GPU. These methods are conceptually grounded in
the abstract notion of a CuTe layout and a rich algebra of such layouts, including operations such as
composition, logical product, and logical division. In this paper, we present a categorical framework for
understanding this layout algebra by focusing on a naturally occurring class of tractable layouts. To this
end, we define two categories Tuple and Nest whose morphisms give rise to layouts. We define a suite
of operations on morphisms in these categories and prove their compatibility with the corresponding
layout operations. Moreover, we give a complete characterization of the layouts which arise from our
construction. Finally, we provide a Python implementation of our categorical constructions, along
with tests that demonstrate alignment with CUTLASS behavior. This implementation can be found
at our git repository https://github.com/ColfaxResearch/layout-categories.


https://github.com/ColfaxResearch/layout-categories

Contents

1 Introduction

1.1
1.2
1.3
1.4

Summary of main results . . . . ... oL
Organization . . . . . . . . .. e
Implementation . . . . . . . . . L e
Notation . . . . . . . . e

2 Layouts and their algebra

2.1

2.2

2.3

Flat Layouts . . . . . . . . e e
2.1.1 Tuples . . . . Lo
2.1.2 Basic definitions . . . . . . ...
2.1.3 Basic operations . . . . . . .. L L e
2.1.4 Flat coalesce . . . . . . .
2.1.5 Compact flat layouts . . . . . . . ...
2.1.6  Complements . . . . . . . .. e
2.1.7 Composition . . . . . . ..
2.1.8 Flat division . . . . . ...
2.1.9 Flat products . . . . . . ..
2.1.10 Tractable flat layouts . . . . . . . . . . . Lo
Nested Tuples . . . . . . . . . o e
2.2.1 Profiles . . . . .. e e
2.2.2 Basic definitions . . . . ...
2.2.3 Substitution . . . . . ..o
2.2.4 Refinement . . . . ...
Layouts . . . . . . . e
2.3.1 Basic definitions . . . . . . .. .. e
2.3.2 Basicoperations . . . . . . .. L L e
2.3.3 Coalesce . . . . .o e
2.3.4 Relative coalesce . . . . . . .. L
2.3.5 Compact layouts . . . . . ... L e
2.3.6 Complements . . . . . . . ...
2.3.7 Composition . . . . . ...
2.3.8 Logical division . . . . . . . ..o
2.3.9 Logical product . . . . . . ...
2.3.10 Tractable layouts . . . . . . . . .. . L L

w o W



3 Categories of layouts
3.1 The category Tuple

3.1.1 Basic definitions . . . . . .. ...
3.1.2  From tuple morphisms to flat layouts . . . . . ... .. ... ...
3.1.3 Examples . . . . ..o e
3.1.4 Realization of tuple morphisms . . . . . . . . ... ... ... ... ...
3.1.5 Operations on tuple morphisms . . . . . . .. . ... ... ... ... ..
3.2 The category Nest . . . . . . . . . . L e
3.2.1 Basic definitions . . . . . ..o
3.2.2  From nested tuple morphisms to layouts . . . . .. ... .. ...
3.2.3 Examples . . . . ..
3.2.4 Realization of nested tuple morphisms . . . . . . .. . ... ... ... ... ..
3.25 Refinements . . . . . . .. L
3.2.6 Operations on nested tuple morphisms . . . . . .. ... ... 0oL
4 Computations
4.1 Composition . . . . . . Lo
4.1.1 Mutual refinements . . . . . . . ...
4.1.2  From mutual refinements to composable morphisms . . . . .. ... .. .. ..
4.1.3 The composition algorithm . . . . . . ... ... oo 0o
4.1.4 Examples . . . . . .

A An introduction to categories

A.1 What is a category?
A.2 What is a functor?

81
81
81
85
93
97
100
117
117
118
121
123
124
132

140
140
141
145
146
147



Chapter 1
Introduction

In modern computing, particularly in GPU programming, performance depends critically on how
multi-dimensional data is stored and accessed in memory. While most data that we care about—such
as images, videos, and tensors in machine learning—are inherently multi-dimensional, a computer’s
memory is fundamentally one-dimensional. This means that when we want to load, store, or otherwise
manipulate data, we need to map its multi-dimensional logical coordinates to one-dimensional physical
coordinates. This mapping, known as a layout, is essential for reading from and writing to memory
correctly and efficiently. Moreover, with respect to the GPU’s SIMT execution model, layouts are used
to describe and manipulate partitionings of threads over data. This is important to ensure optimized
memory access patterns and correct invocation of specialized hardware instructions such as those used
to target tensor cores.
As a motivating example, suppose we want to store the 4 x 8 matrix

12.47 87.21 34.08 56.93 45.65 9.17 73.02 21.39
A 64.88 30.41 1.72 88.04 92.55 17.06 50.91 68.77
3.33 7719 61.58 29.46 15.82 80.75 44.62 39.28
91.40 26.12 6.97 53.03 58.66 33.79 11.20 70.55

in memory. In order to do so, we need to specify a memory address for each entry of A. We do this by
choosing some address for the (0,0)th entry of A, and specifying an offset for each other entry of A.
One common choice is the row-major layout

Low = (4,8) : (8,1) =

16 17 18 19 20 21 22 23

24 25 26 27 28 29 30 31

The notation L™ = (4,8) : (4,1) indicates that the offset of the (i, j)th entry of our matrix is

(4,7) - (8,1) =8i+ 4.



Another common choice is the column-major layout

0 4 8 12 16 20 24 28

1 5 9 13 17 21 25 29

L = (4,8): (1,4) =
2 6 | 10 | 14 | 18 | 22 | 26 | 30

3 7 11 15 19 23 27 31

Again, the notation L = (4,8) : (1,4) indicates that the offset of the (4, j)th entry of our matrix is
(1,5) - (1,4) =i+ 4j.

These layouts are extremely useful, but do not suffice for all purposes. For example, in high-performance
computing, one often computes matrix products AB by

1. dividing the operand matrices A and B into tiles,
2. computing matrix products of the various tiles, and
3. combining these partial results to obtain the full result AB.
For instance, we could divide our 4 x 8 matrix A into 2 x 2 tiles, as depicted below.

[12.47 87.21} [34.08 56.93} [45.65 9.17} [73.02 21.39}

B 64.88 30.41 1.72  88.04 92.55 17.06 50.91 68.77
B 3.33  77.19 61.58 29.46 15.82 80.75 44.62 39.28
91.40 26.12 6.97 53.03 58.66 33.79 11.20 70.55

Suppose now that we wanted to slice out individual tiles of A, which we assume is laid out in column-
major format in memory. To do this, one could manually compute offsets as follows: for the (4, j)th
tile, the offset to index into the top-left entry of the tile is given by 2i + 8j. On the other hand, to
better organize this computation, we could use the interleaved layout of tiles

0 2 8 10 16 18 24 26

1 3 9 11 17 19 25 27

Ltiled —
4 6 12 14 20 22 28 30

3 7 13 15 21 23 29 31

where the columns are given by tiles of A and the rows are given by coordinates within the tile shape.
Here, we use colexicographic ordering to linearly enumerate tiles and coordinates within tiles, hence
the top-level shape (4, 8) of the layout Lt'ed.



However, note that the interleaving pattern shown for Lt'®d means that it can’t be expressed as a
layout (4,8) : (a,b) for any strides a, b. Instead, we can factor the modes of the shape (4, 8) and define

I tiled _ ((2,2),(2,4)) : ((1,4),(2,8)).

The prior offset calculation 2i 4 8 then appears through evaluating L% on the coordinate (0, (i, j)),
and the tile layout itself is given by the first mode. Thus, after endowing A with the layout Lt to
form At'®d we can obtain the (4, j)th tile of A as the slice

Ay = A" (i,5)).

A key idea developed in CUTLASS is that useful but more complex auxiliary layouts such as Lt
may be systematically deduced from simpler layouts via certain fundamental operations. In the case of
Ltiled the operation in question is called logical division. If we write

T=(22):(1,4) =

for the tile layout, then Lt'®d is the logical division

Lti|ed — LCO| %) T

as depicted below.

8
9 0 4
Lcol — T =
2 6 10 1 5
3 7 11

0 2 8 10 16 18 24 26

1 3 9 11 17 19 25 27
Lcol oT =

4 6 12 14 20 22 28 30

In addition to logical division, other fundamental layout operations include logical products,
complements, and most importantly, composition. These layout operations are the backbone
of CUTLASS, and a deep understanding of their behavior is helpful for writing correct and highly




performant code. However, the definitions and constructions of these operations are fairly subtle. For
example, the composition B o A of layouts A and B is well-defined only if A and B satisfy certain
divisibility constraints, which CUTLASS checks under the hood. In particular, it is not always obvious
when two layouts are composable, or how to interpret their composition.

1.1 Summary of main results

The main idea of this work is that we can develop an intuitive and powerful mathematical framework
for working with layouts by restricting our attention to tractable layouts, whose entries satisfy a
simple divisibility condition (see Definition 2.3.10.1). Tractable layouts include almost all layouts one
encounters in practice, such as

e row-magjor and column-major layouts, which are ubiquitous,

e compact layouts, which store data in consecutive memory addresses,
e projections, which broadcast multiple copies of data, and

e dilations, which enable padded loads and stores.

If L is a tractable layout, then we can represent L with a diagram. For example, the layouts L™%,
L' and Lt are represented by the following diagrams.

8 4

(4,8) : (8,1) - TS

8 —— 8
(4,8):(1,4) s 4 —— 4

4 —— 4

842 )

((2,2),(2,4) : ((1,4),(2,8)) o - 2 > 2
4 — 2 +— 2
These diagrams may be interpreted as morphisms in a category. This allows us to leverage the power
of category theory to describe layouts and their operations.’

More precisely, we define a category Nest whose objects are nested tuples of positive integers, and
whose morphisms f : S — T correspond to diagrams such as those above (see Definition 3.1.1.13
and Definition 3.2.1.1 for details). If L is a tractable layout, then there is an essentially unique
Nest-morphism f which encodes L, as illustrated by the following correspondence theorem.

Theorem A. (see 3.2.2.15) There is a one-to-one correspondence

Non-d t
{ on-aegencrare Nest-morphisms

Non-degenerate
tractable layouts}

of standard form

We provide a primer on category theory in Appendix A for those unfamiliar with the subject.



Layout operations such as composition, logical division, and logical products may be interpreted

naturally in the category Nest. If

SLT%U

are Nest-morphisms, then we may form the composite
s -0 u

by pasting the associated diagrams together. For example,

2 2

2 — 2 ? 2 ~ 2 74 2

2 2 5 2 5

f g gof
We prove that composition in Nest is compatible with layout composition.
Theorem B. (see 3.2.6.21) If f and g are composable nested tuple morphisms, then
Lgof = Lg (e] Lf.

We can coalesce a Nest-morphism f by collapsing adjacent arrows. For example,

10

/

10 10

10 — 9 100
-

22— 2 ~ 100 2
20— 2 4 — 4
f coal(f)

We prove that this operation is compatible with layout coalesce.

Theorem C. (see 3.2.6.13) If f is a Nest-morphism, then

Lcoal(f) = CoaI(Lf)'

The complement of a Nest-morphism f is the inclusion of the entries not hit by f. For example,

5 5

2 2

i 5/5

259 /2
f fe

We prove that complements in Nest are compatible with layout complements.

Theorem D. (see 3.2.6.20) If f: S — T is an injective Nest-morphism and N = size(T), then

coal(Lsc) = comp(Lys, N).



We define divisibility of Nest-morphisms, and a logical division operation

frg—= fog
when g divides f. For example,
88— 8 88— 8
44 64 3 4
4/)8%8 - /4><8
4 4 4 16 —4+— 4
g f fog

We prove that logical division in Nest is compatible with logical division of layouts.

Theorem E. (see 3.2.6.26) If f and g are Nest-morphisms and g divides f, then
coal(Lygy) = coal(Ly @ Ly).
We define product admissibility of Nest-morphisms, and a logical product operation
fg—=feg

when f and g are product admissible. For example,

5 5 5
5 95 = 50 5
2+— 2 5 5 ~ 22— 2
>< _—
22— 2 5 5 4 =— 22
f g f®g

We prove that the logical products in Nest are compatible with logical products of layouts.

Theorem F. (see 3.2.6.31) If f and g are Nest-morphisms and f and g are product admissible, then

Ligg =Lf® Ly.

In Chapter 4, we illustrate how our new framework may be used to compute important layout
operations such as composition, logical division, and logical products. In particular, we present an
algorithm (Algorithm 4.1.3) for computing the composition Bo A of tractable layouts A and B. Eliding
details, the basic idea of our algorithm is that if we want to compute the composite B o A, we can
represent A and B by Nest-morphisms f and g, compose these morphisms to form g o f, then take

the encoded layout to obtain
BoA=Lyy.

We illustrate this algorithm with many examples.

1.2 Organization

The current work is organized as follows.

In section 1.3, we provide details regarding the cute implementation of layouts. We provide
a Python implementation of the category Nest in the form of a module tract, and illustrate the



compatibility of tract with cute. Our Python implementation may be found at our git repository
https://github.com/ColfaxResearch/layout-categories.

Chapter 2 serves as a comprehensive reference for layouts and their algebra. It provides rigorous
definitions of layouts and the operations they support, and establishes the fundamental properties of
these operations. This chapter is replete with examples, and may be of use to the working programmer.

In Chapter 3, we present a new mathematical framework for working with tractable layouts. In
particular, we connect layouts and their algebra to the theory of categories and operads. The content
of this chapter is of independent mathematical interest. It is also of practical value, as it provides a
new framework for visualizing layouts and computing their various operations.

In Chapter 4, we provide an algorithm for computing the composite of tractable layouts A and
B using the framework developed in Chapter 3. We illustrate the composition algorithm with many
examples.


https://github.com/ColfaxResearch/layout-categories

1.3 Implementation

In this section, we illustrate how to work with layouts in NVIDIA’s CuTe DSL, which we denote as
cute. We provide an implementation of our categorical framework in the form of a Python module
tract in our git repository https://github.com/ColfaxResearch/layout-categories. Here, we
show the compatibility of cute and tract.

1. Constructing tuples and nested tuples: We construct tuples and nested tuples in Python as

follows.
| s = (2,2,2)
o T = ((2,2),(5,5))

3l U

((2,2),4,(9,(3,3)))

Note that if we want to construct a tuple of length 1, we must include a comma following the tuple’s
entry. For example,

\ \
s = (10,) |
2 T = (10) |

\ |

returns

s = (10,)

2/ T =10

2. Constucting layouts and morphisms: We construct a layout
L=S:D

in cute as follows.

1| L = cute.make_layout (shape=S, stride=D)

For example,

1| A = cute.make_layout(shape=((4,4),4), stride=((16,1),4))
2| B = cute.make_layout(shape=(8,64), stride=(64,1))
3| C = cute.make_layout(shape=100, stride=2)
returns
1| A= ((4,4),4):((16,1),4)
2l B = (8,64):(64,1)
;) C = 100:2

We construct a nested tuple morphism

in tract as follows.

1| £ = tract.make_morphism(domain=S, codomain=T, map_=alpha)

For example,

10
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f = tract.make_morphism(domain=(4,4), codomain=(4,2,4), map_=(1,3))

g = tract.make_morphism(domain=(2,2,2,2), codomain=(2,2,2,2), map_=(1,%,4,2))

h = tract.make_morphism(domain=(16,(4,4),(4,4)), codomain=(16,4,4), map_=(1,2,%*,3,%))
returns

f=(4,4)--(1,3)-->(4,2,4)
(2,2,2,2)--(1,%,4,2)-->(2,2,2,2)
= (16,(4,4),(4,4))--(1,2,%,3,%x)-->(16,4,4)

=2
|

Translating between tractable layouts and morphisms: If L is a layout, we can check if L is
tractable with

tract.is_tractable(L)

For example,

A = cute.make_layout(shape=(2,2,2), stride=(1,2,4))
B = cute.make_layout(shape=(2,2,2), stride=(1,7,4))
A_is_tractable = tract.is_tractable(A)
B_is_tractable = tract.is_tractable(B)

returns

A (2,2,2):(1,2,4)
B (2,2,2):(1,7,4)
A_is_tractable = True
B_

is_tractable = False

If L is a tractable layout, then we can construct the standard representation f; with

tract.compute_morphism(L)

For example,

L = cute.make_layout(shape=(2,2,2), stride=(1,2,4))
f_L = tract.compute_morphism(L)

returns

L =(2,2,2):(1,2,4)
fL=(2,2,2)--(1,2,3)-->(2,2,2)

If f is a nested tuple morphism, we can construct the layout L; encoded by f with

tract.compute_layout (f)

For example,

f = cute.make_morphism(domain=((5,5),8), codomain=(5,8,5), map_=(1,3,2))
L_f = tract.compute_layout(f)

returns

11
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f

= ((5,5),8)--(1,3,2)-->(5,8,5)
Lf =

((5,5),8):((1,40),5)

Composition: When defined, this operation produces a layout B o A from a pair of layouts A and
B. See Definition 2.3.7.1 for a precise definition. We can compute the composition B o A in cute
with

cute.composition(B,A)

For example, running

A = cute.make_layout (shape=((4,4),4), stride=((16,1),4))
B cute.make_layout (shape=(8,64), stride=(64,1))

3 B_o_A = cute.composition(B,A)

returns

A= ((4,4),4:((16,1),4)
B = (8,64):(64,1)

s B_o_A = ((4,4),(2,2)):((2,64),(256,1))

If f and g are composable nested tuple morphisms, we can compute the composition g o f in tract
with

tract.compose (f,g)

For example,

f = tract.make_morphism(domain=((2,2),(2,2)), codomain=((2,2,2),(2,2,2)), map_=(3,2,6,5))
g = tract.make_morphism(domain=((2,2,2),(2,2,2)), codomain=(2,2,2,2), map_=(1,%*,2,%,3,4))

3| g_o_f = tract.compose(f,g)

returns

f
g

((2,2),(2,2))--(8,2,6,5)-->((2,2,2),(2,2,2))
((2,2,2),(2,2,2))--(1,%,2,%,3,4)-->(2,2,2,2)

| goo_f = ((2,2),(2,2))--(2,%,4,3)-->(2,2,2,2)

. Coalesce: This operation produces a layout coal(A) from a layout A. See Definition 2.3.3.1 for

details. We can compute coal(A) in cute with

cute.coalesce(A)

For example,

A = cute.make_layout(shape = ((2,2),(2,2),(5,5)), stride = ((1,2),(16,32),(64,320)))
coal_A = cute.coalesce(A)

returns

A= ((2,2),(2,2),(5,5)):((1,2),(16,32), (64,640))
coal A = (4,20,5):(1,16,640)

12




There is also a relative coalesce operation A — coal(A, S), which receives as input an additional
nested tuple S which is refined by the shape of A. See Definition 2.3.4.5 for details. We can compute
coal(4, S) in cute with

A = cute.make_layout(shape = ((2,2),(3,3),(5,5)), stride = ((1,2),(4,12),(36,180)))
S ((2,2),9,25)
coal_A_over_S = cute.coalesce(A,target_profile=S)

returns

A= ((2,2),(3,3),(5,5)):((1,2), (4,12),(36,180))
s = ((2,2),9,25)

i coal A_over_S = ((2,2),9,25):((1,2),4,36)

If f is a nested tuple morphism, we may form coal(f). See Definition 3.2.6.11 for details. We
compute coal(f) in tract with

tract.coalesce(f)

For example,

f = tract.make_morphism(domain=(2,2,10,10), codomain = (2,2,2,10,10), map_=(1,2,4,5))
coal_f = tract.coalesce(f)

returns

f = (2,2,10,10)--(1,2,4,5)-->(2,2,2,10,10)
coal_f = (4,100)--(1,3)-->(4,2,100)

Complement: When defined, this operation produces a layout comp(A4, N) from a layout A and
positive integer N. See Definition 2.3.6.5 for details. We can compute comp(A, N) in cute with

cute.complement (A,N)

For example,

A = cute.make_layout(shape = ((2,2),(2,2)), stride = ((8,2),(64,256)))
comp_A = cute.complement(A,4096)

returns

A= ((2,2),(2,2)):((8,2),(64,256))
comp_A = (2,2,4,2,8):(1,4,16,128,512)

If f is a nested tuple morphism, then we may form the complement f¢ of f. See Definition 3.2.6.17
for details. We compute f€ in tract with

tract.complement (£)

For example,

f = tract.make_morphism(domain=(2,2), codomain=(2,5,2,5), map_=(1,3))
comp_f = tract.complement (f)

13




returns

f =(2,2)--(1,3)-->(2,5,2,5)
comp_A = (5,5)--(2,4)-->(2,5,2,5)

Logical Division: When defined, this operation produces a layout A @ B from a pair of layouts A
and B. See Definition 2.3.8.1 for details. We compute A © B in cute with

cute.logical_divide(A,B)

For example,

A = cute.make_layout((64,32), stride = (32,1))
B = cute.make_layout((4,4), stride = (1,64))

;| quotient = cute.logical_divide(A,B)

returns

A
B

(64,32):(32,1)
(4,4):(1,64)

3| quotient = ((4,4),(16,8)):((32,1),(128,4))

If f and g are nested tuple morphisms and g divides f, then we may form the logical division f @ g.
See Definition 3.2.6.23 for details. We compute f @ ¢ in tract with

tract.logical_divide(f,g)

For example,

f = tract.make_morphism(domain=(4,8,4,8), codomain=(4,8,4,8), map_=(1,2,3,4))
g = tract.make_morphism(domain=(4,4), codomain=(4,8,4,8), map_=(1,3))

3| quotient = tract.logical_divide(f,g)

returns

f = (4,8,4,8)--(1,2,3,4)-->(4,8,4,8)
g (4,4)--(1,3)-->(4,8,4,8)
quotient = ((4,4),(8,8))--(1,3,2,4)-->(4,8,4,8)

Logical Product: When defined, this operation produces a layout A ® B from a pair of layouts A
and B. See Definition 2.3.9.1 for details. We compute A ® B in cute with

cute.logical_product(A,B)

For example, running

A = cute.make_layout((3,10,10), stride = (200,1,20))
B = cute.make_layout((2,2), stride = (1,2))

3| product = cute.logical_product(A,B)

returns

A
B

(3,10,10) : (200,1,20)
(2,2):(1,2)

3| product = ((3,10,10),(2,2)):((200,1,20),(10,600))

14
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If f and g are nested tuple morphisms and f and g are product admissible, then we may form the
logical product f ® g. See Definition 3.2.6.28 for details. We compute f ® ¢ in tract with

tract.logical_product(f,g)

For example,

f = tract.make_morphism(domain=(2,2), codomain=(2,2,5,5), map_=(1,2))
g = tract.make_morphism(domain=(5,5), codomain=(5,5), map_=(2,1))

3| quotient = tract.logical_divide(f,g)

returns

£ = (2,2)--(1,2)-->(2,2,5,5)
g = (5,6)--(2,1)-->(5,5)
quotient = ((2,2),(5,5))--(1,2,4,3)-->(2,2,5,5)

15




1.4 Notation

7 =
L>y =
Lo =
[07 n) =

(n) =
(). =
oy =
%, =
X° =

X’ =
X*xY =
(X,Y) =

Tuple(V) =
Nest(V) =
Bo A=
Ao B=
A® B =

Set =
FinSet =

Fin =

FinSet, =
Fin, =
Tuple =
Nest =
Ref =
Cat =

{..,-1,0,1,2,...}
{0,1,2,...}
{1,2,...}
{0,...,n—1}, and [0,0) = @.
{1,2,...,n}, and (0) = @.
{%,1,2,...,n}

(0,...,1,...,0), the tuple of length m with

1th entry 1 and all other entries 0.

the symmetric group on (n).

(To(1ys -+ > To(my) for a tuple X = (z1,...,2,)

and a permutation ¢ € ¥,,.

the flattening of a nested tuple X.

the flat concatenation of X and Y.

the (nested) concatenation of X and Y.

the set of tuples with entries in a set V.

the set of nested tuples with entries in a set V.

the composition of A and B.

the logical division of A by B.

the logical product of A and B.

the category of sets.

the category of finite sets.

the full subcategory of FinSet spanned by (n) for n > 0.
the category of pointed finite sets.

the full subcategory of FinSet, spanned by (n), for n > 0.
the category of tuples and tuple morphisms.

the category of nested tuples and nested tuple morphisms.
the category of nested tuples and refinements.

the category of (small) categories and functors.

16



Chapter 2
Layouts and their algebra

The goal of this chapter is to provide a comprehensive and mathematically grounded theory of layouts.
We begin by developing a theory of flat layouts in section 2.1. We introduce the necessary background
on nested tuples in section 2.2, so that we may cover layouts in full generality in section 2.3.

2.1 Flat Layouts

In this section, we examine flat layouts, an important subclass of layouts in which both shape and
stride are tuples, rather than more general nested tuples. To formalize our discussion, we begin by
fixing notation related to tuples.

2.1.1 Tuples
Definition 2.1.1.1. If V is a set, then a tuple with entries in V is a finite ordered list
X =(x1,...,Tm)
of elements x; € V for each 1 < i < m. The length of such a tuple X = (z1,...,2,,) is
len(X) = m.

We write Tuple(V') for the collection of all tuples with entries in V. We are especially interested in the
case V = Z, in which case we refer to X € Tuple(X) as a tuple of integers. If X is a tuple of integers,
then the size of X is the product

size(X) =1 Ty

Example 2.1.1.2. Here are some examples of tuples, together with their length and size:

X =(3,128,128),  len(X) =3, size(X) = 49152
X = (512), len(X) =1, size(X)=>512
X = (), len(X) =0, size(X)=1
Definition 2.1.1.3. If X = (z1,...,2,,) and Y = (y1,...,yn) are tuples, then we write

X*Y: (:cl,...,xm7y1,~~~ayn)

for the concatenation of X and Y.
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Example 2.1.1.4. If X = (64,32) and Y = (8,8, 8), then
X %Y = (64,32,8,8,8).

Remark 2.1.1.5. If V is a set, then
Tuple(V) = H yxm

m>0
is the free associative monoid on V. The monoidal product is concatenation, and the unit is the empty
tuple ().

Definition 2.1.1.6. If X and X’ are tuples of integers, we say X’ divides X if there exists a tuple of
integers X" with
X' xX"=X.

Example 2.1.1.7. If X' = (81,9) and X = (81,9, 64, 8), then X’ divides X, since the tuple X" = (64, 8)
satisfies
X' x X" =X.

Definition 2.1.1.8. If X = (z1,...,2,,) is a tuple and o € ¥, is a permutation, then we write
X7 = (:Co(l), ey Cﬂg(m))

for the permutation of X by o. This specifies a right action of ¥,, on Z*™.

Example 2.1.1.9. If X = (8,16,32,64) and 0 = (1 2)(3 4), then

X = (16,8, 64,32).
Notation 2.1.1.10. If n is a positive integer, we write
[0,n) ={0,1,...,n — 1},
and if S = (s1,...,8,) is a tuple of positive integers, we write
[0,S)=10,51) X - x [0,8m)
for the collection of tuples (x1,...,xy,) with 0 < z; < s;.

Example 2.1.1.11. If S = (3,2), then

[07 S) = {(070)7 (1, 0)7 (27 0), (07 1)7 (17 1)7 (27 1)}

2.1.2 Basic definitions
Having fixed notation, we are ready to define flat layouts.
Definition 2.1.2.1. A flat layout is a pair
L=S:D
= (81,.-+,8m) : (d1,...,dm)
consisting of a tuple of positive integers

shape(L) = S



called the shape of L, and a tuple of non-negative integers
stride(L) = D
= (d1,...,dm)
called the stride of L.

Remark 2.1.2.2. If L is a flat layout, then by definition, shape(L) and stride(L) have the same length.

Remark 2.1.2.3. A flat layout is an example of the more general layout of Definition 2.3.1.1, so we
sometimes refer to a flat layout L as a layout.

Example 2.1.2.4. Here are some examples of flat layouts:

2,2,2): (1,2,4),

= (
= (128) : (5),

= (16,12,512,512) : (0,0,1,512),
=(6,1,12,2,2) : (2,0,12,144,1),
0:0-

Example 2.1.2.5. We can depict the layout L = (8) : (5) as

L= 0 ) 10 15 20 25 30 35

and we can depict the layout L = (3,5) : (2,10) as

0 10 20 30 40

L= 2 12 22 32 42

4 14 24 34 44

We make precise the sense in which these pictures represent the associated layout in Remark 2.1.2.16.

Perhaps the most important examples of flat layouts are the column- and row-major layouts, which we
define below.

Definition 2.1.2.6. Suppose
L= (81,...,57”) : (dl,...,dm)

is a flat layout. We say L is column-major if
di=81---8;_1
for each 1 < ¢ < m. We say L is row-major if
d; = Sit+1° " Sm-

for each 1 <7 < m.
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Example 2.1.2.7. The layout

L=(3,4):(1,3) = 1| 4| 7|10

is column-major, while the layout

L=(3,4):(4,1) = 4 | 5|6 |7

Example 2.1.2.8. The layouts

Ly =(2,2,2,2,2) : (1,2,4,8,16)
Lo = (3,128,128) : (1,3, 384)
Ls = (64) : (1)

are column-major, while the layouts

Ly=1(2,2,2,2,2):(16,8,4,2,1)
Ls =(3,128,128) : (16384,128,1)
L = (64): (1)
are row-major.
Now that we’ve seen a few examples, lets define some important attributes of flat layouts.

Definition 2.1.2.9. Suppose L = (s1,...,8m) : (d1,...,dy,) is a flat layout.

e The rank of L is
rank(L) = m.

e The size of L is

e The cosize of L is

cosize(L) =1+ Z(Si —1)-d;.
i=1
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o For any 1 <14 <rank(L), the ith mode of L is the pair
mode; (L) = s; : d;.
Example 2.1.2.10. The layout
L = (64,32) : (1,128)
has rank(L) = 2, size(L) = 2048, and cosize(L) = 4032. The modes of L are

mode; (L) =64 : 1
modey (L) = 32 : 128.

Example 2.1.2.11. The layout
L=(3,8,8,8):(1,3,24,192).

has rank(L) = 4, size(L) = 1536, and cosize(L) = 1536. The layout L has four modes, for example
modes(L) = 8 : 24.

Example 2.1.2.12. The flat layout
L=(2,2,2,2,2) : (160, 80, 40, 20, 10).

has rank(L) = 5, size(L) = 32, and cosize(L) = 311. The layout L has 5 modes, for example
modes (L) = 2 : 10.

If L is a flat layout, then L encodes a coordinate function pr. The coordinate function of L is a
multi-dimensional to one-dimensional transformation given by taking a dot product with stride(L).
Recall that if S = (s1,...,8,) is a tuple of positive integers, then

[OaS) = [0781) X X [078m)
is the set of all tuples (z1,...,2,,) such that 0 < x; < s;.

Construction 2.1.2.13 (Coordinate functions). If
L=(s1,--,8m):(d1,....dn)
is a flat layout, then the coordinate function of L is the function
[0,shape(L)) —22= 7Z
given by

(1, xm) = (@1, .., Tm) - (d1, -, dm)
= xldl +o 4+ andnr
The coordinate function ¢y, factors through the inclusion [0, cosize(L)) C Z, and we write
cosize(L)

[0, shape(L)) SN [0, cosize(L)) C Z

for the factored map. More generally, for any N > cosize(L), we write ¥ for the factorization of ¢,
through [0, N) C Z, and by a mild abuse of terminology, we refer to such a map ¥ as the coordinate
function of L.
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Example 2.1.2.14. If L = (2,3) : (1,5), then the coordinate function
Pr: [072) X [Oa?’) — 7

is given by

Example 2.1.2.15. If L = (2,2) : (64, 2), then the coordinate function

vr :10,2) x [0,2) = Z

is given by
©1(0,0) = (0,0) - (64,2) = 0,
pr(1,0) = (1,0) - (64,2) = 64,
vr(0,1) =(0,1) - (64,2) = 2,
QDL(]-» 1) = (11 ]-) ’ (6412) = 66.

Remark 2.1.2.16. We can now, for example, give a precise description of the sense in which the image

0 10 20 30 40

L= 2 12 22 32 42

4 14 24 34 44

depicts the layout L = (3,5) : (2,10): The (7, j)th cell of the grid is labeled by the value
er(i,j) = (i,7) - (2,10) = 2i 4 105

of the coordinate function of L.

In practice, the most important invariant of a flat layout L is its layout function ®p, which is
obtained by precomposing the coordinate function

®r: [07 S) — 7
with the inverse of the colexicographical isomorphism

colexs : [0,S) — [0, size(S)).
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Definition 2.1.2.17. Suppose S = (s1, ..., 8,) is a tuple of positive integers and recall that
[OaS) - [0731) X X [Ovsm)'

The colexicographical isorphism is the map

[0,.5) colexs [0, size(S))

(1‘1, o amnb) _ Z:Zl S1°°8;—-1%;.

We sometimes write colex = colexg when the tuple S is clear from context. The inverse of the
colexicographical isomorphism is the map

-1
colex g

[0,size(S)) — =55 [0,5)

which sends an integer x € [0, size(S)) to the tuple

(ac mod s1, LxJ mod sa, ..., {xJ mod sm> .
S1 S1°° " Sm—1

Construction 2.1.2.18 (Layout functions). If
L=(s1,---,8m):(d1,...,dm),

is a flat layout, then the layout function of L is the composite

[0, size(L

shape(L)
[0, shape(L

Explicitly, ®, is given by
O () =a1dy + - + Tdi
where
T; = {xJ mod s;.
810 8i—-1
The layout function ®;, factors through the inclusion [0, cosize(L)) C Z, and we write

<I>cosize(L)
[0, size(L)) —=—— [0, cosize(L)) C Z

for the factored map. More generally, for any N > cosize(L), we write ®% for the factorization of ®,
through [0, N) C Z, and by a mild abuse of terminology, we refer to such a map ¥ as the layout
function of L.

Example 2.1.2.19. If L = (2,3) : (1,5), then the layout function

by : [0,6) — 7
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is given by

0
1
0
1
0
1

N N~ = O O

=
= (
= (
= (
= (
= (

O :[0,4) > Z
is given by
®.(0) =(0,0) - (64,2) =0,
®(1) = (1,0) - (64,2) = 64,
®1(2) = (0,1) - (64,2) =2,
®.(3)=(1,1) - (64,2) = 66.

Example 2.1.2.21. If L = (4,2,2) : (3,3,100), then for example, the layout function of L satisfies
O.(7)=(3,1,0)-(3,3,100) = 12, and
®,(9) = (1,0,1) - (3,3,100) = 103.
Example 2.1.2.22. If L is any flat layout, then the layout function ®j of L satisfies
o (0) =0.

Remark 2.1.2.23. If S = (s1,...,8m) is a tuple of positive integers, then the colexicographical

isomorphism
colexg

[0,S8) —————— 0, size(9))

is equal to the layout function 5%

of the column major layout
L=(s1,-,8m)-

In particular, if L is a column major layout, then

cosize(L cosize(L —
¢ W= Pr ( )OCO|eXshipe(L)
_ sOtz)size(L) o ((pzosize([,)) -1
= id[o,size(L))

is the identity map on [0, size(L)).
Remark 2.1.2.24. There exist distinct layouts A # B with ® 4 = ®g. For example, the layouts

A=(7,7):(1,7)
B =(49) : (1)

are not equal, yet 4 = ®p. Later, we will characterize precisely when two flat layouts A and B have
the same layout function (see Proposition 2.1.4.18).
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2.1.3 Basic operations

In this section, we define some useful operations on flat layouts.

2.1.3.1 Restrictions

If L is a flat layout, it is often useful to restrict to a subset of the modes of L. Recall that for a
non-negative integer m, we write

(m)y=A{1,...,m}.

Definition 2.1.3.1. Suppose
L=(s1,--,8m):(d1,....dm)

is a flat layout, and suppose
I={i; < <ip}C(m)

is a subset. We define the restriction of L to I to be the flat layout
L |]: (57;1,. ..,Sik) . (di“...,djk).

Example 2.1.3.2. If

L=(3,6):(10,5) = 10 | 15 [ 20 | 25 | 30 | 35

20 25 30 35 40 45

and I = {2}, then

L|=(6):(5) = 0| 5 |10 15| 2 | 25

Example 2.1.3.3. If
L=(3,8,8,8):(1,3,24,192)

and I = {1,2,3}, then
L= (3,8,8):(1,3,24).

Example 2.1.3.4. If
L=(s1,---,8m):(d1,...,dm)

is a flat layout and I = (m), then
L|;=L.

Example 2.1.3.5. If
L=(s1,-..,8m):(d1,....,dm)

is a flat layout and I = @ is the empty set, then

Ll=0:0

is the empty layout.
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2.1.3.2 Squeeze

If L is a flat layout, then the operation L — squeeze(L) removes all modes s; : d; of L where s; = 1.

Construction 2.1.3.6. Suppose
L= (81,...78m) : (d17~-~7dm)

is a flat layout, and let
I={ie(m)|s >1}

be the collection of indices whose corresponding shape entry is not equal to 1. We define
squeeze(L) = L |y
to be the restriction of L to I.

Example 2.1.3.7. If
L =(64,64,1) : (1,64,0),

then
squeeze(L) = (64,64) : (1,64).

Example 2.1.3.8. If
L =(64,64,1,32,1) : (2048,32,0,1,0)

then
squeeze(L) = (64,64, 32) : (2048, 32,1).

Example 2.1.3.9. If L is a flat layout, then
squeeze(L) = L
if and only if shape(L) contains no entries equal to 1.
Example 2.1.3.10. If L is a flat layout, then
squeeze(L) = () : ()
is the empty layout if and only if all entries of shape(L) are equal to 1.

An essential property of this construction is that L +— squeeze(L) leaves the layout function of L
unchanged.

Lemma 2.1.3.11. If L is a flat layout, then
1. size(squeeze(L)) = size(L),
2. cosize(squeeze(L)) = cosize(L), and

3. (bsqueeze(L) =dp.
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Proof. Let
I={i1 <---<ig} C(m)

denote the collection of indices with s;; > 1, so that
squeeze(L) = (Siys- -+, 8iy) & (diyy .- diy)-

For the first assertion, we compute

k k m
size(squeeze(L)) = H 84, = H si; | - H 1] = H s; = size(L).
j=1 j=1 i=1

For the second assertion, we compute

k k
cosize(squeeze(L)) =1 + Z(s% —1)-di; =1+ Z(sij —1)-di; + Z 0
j=1 j (m)\I

=

[

IR

Il
—

2

= cosize(L).

For the third assertion, it suffices to show that removing a mode of the form 1 : d; from a flat layout

leaves the layout function unchanged. Suppose L = (s1,...,8m) : (d1,...,dy), and suppose that some
S; = 1. Let
L'=(s,....80,_1):(d},....,d,_1)
denote the flat layout obtained from L by removing its ¢th mode, so that
S; <1 d; | <%
s = / ‘7 . and  d; = / j ‘
Sj11 1< j<m, dizr 1<j<m.

The layout function for L is given by
(I)L(l‘) =x1di + -+ Tpdm,

x
where z; = J mod s;, and the layout function for L’ is given by
S1 Sj—1

p(z) = ahdy + - A x,_ydy,

where 2/, = J mod s; We observe that

J gl
S10 551
P K 7 <1
T; = ) .
Tj+1 1< J<m,

and since x; € [0, 1) is necessarily 0, we have

(I)L(l‘) =x1d1 + -+ Tpdm,
=a1dy + -+ xi1dior + Tiadipr + 0+ Tpdiy
=ahdy + -+ 2, ydn,

(I)L/ (.CC)
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2.1.3.3 Filter zeros
If L is a flat layout, then the “filter zeros” operation removes all modes s; : d; with d; = 0.
Definition 2.1.3.12. Suppose

L:(sla”'asm):(dlw-'»dm)

is a flat layout, and let
I={ie{(m)|d; >0}

be the collection of indices whose corresponding stride entry is not equal to 0. We define

filter(L) =L |; .

Example 2.1.3.13. If
L =(64,8,8,128) : (8,1,0,512)

then
filter(L) = (64,8,128) : (8,1,512).

Example 2.1.3.14. If

0 0
12 12
L=(4,2):(12,0) =
24 24
36 36
then
0
filter(L) = (4) : (12) =
12
24
36

Example 2.1.3.15. If
L=(3,8,8,8):(16,0,0,0)

then
filter(L) = (3) : (16).

Example 2.1.3.16. If L is a flat layout, then
filter(L) = L

if and only if all entries of stride(L) are nonzero.
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Example 2.1.3.17. If L is a flat layout, then

filter(L) = () : ()

is the empty layout if and only if all entries of stride(L) are equal to 0.

2.1.3.4 Permute

Recall that if X = (z1,...,2,,) is a tuple of length m and o € ¥,, is a permutation, then we write

X7 = (To(1)s»To(m))-
for the permutation of X by o.

Definition 2.1.3.18. If L = (s1,...,8y) : (d1,...,dy) is a flat layout of rank m and o € 3,, is a
permutation, we define

L? = shape(L)? : stride(L)”
= (80(1), ey Sg(m)) : (d(,(l), ey dg(m)).

Example 2.1.3.19. If

0| 2
12 14
L=(42):(122) =
24 26
36 38

and o = (1 2) € Xy is the transposition, then

L7 =(2,4):(2,12) =

is the transposed layout.

Example 2.1.3.20. If
L = (15,12,10) : (240,1,24)

and 0 = (1 2) € X3, then
L7 = (12,15,10) : (1,240, 24).

Example 2.1.3.21. If
L=(2,2,2,2,2):(1,2,4,8,16)

and o = (15)(324) € X5, then

L7 =(2,2,2,2,2) : (16,8,2,4,1).
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Example 2.1.3.22. If
L={(s...,8):(d,...,d)

is a flat layout all of whose modes are equal, then for any o € ¥,,,, we have

L° =1L.

2.1.3.5 Sort

If L is a flat layout, it is often useful to permute L so that its modes are increasing, in the following
sense.

Definition 2.1.3.23. We define a linear ordering on pairs s : d of integers by

d<d,or

d=<s:d
s:d=Xs:d < d=d and s < 5.

Example 2.1.3.24. We have
5:8=<4:12<5:12.

Definition 2.1.3.25. Suppose L is a flat layout. We say L is sorted if for any 1 <14 < rank(L), we
have
mode; (L) < mode;1(L).

Example 2.1.3.26. The layouts
L, =(128,64,2,2) : (1,128,8192,16384)
L2 = (27 2a 2) : (17 1a 1)
are sorted, while the layouts
L3 =1(2,4,8,16) : (64,1,2,4)
Ly =(5,32,16) : (1,5,5)
are not sorted.
Example 2.1.3.27. The empty layout E = () : () is sorted.

Example 2.1.3.28. If
L=(s1,-.-,5m):(0,...,0)

is a flat layout with all entries of stride(L) equal to 0, then L is sorted if and only if
51 <852 < S S

Whether or not a flat layout L is sorted is intimately related to the behavior of the layout function
®;, of L, as described in the following lemma.

Lemma 2.1.3.29. Suppose L is a flat layout. If ®p is non-decreasing, then L is sorted.

Proof. We prove the contrapositive. Suppose that L is not sorted. We will show that there exists some
2 <y in the domain of &, with & (z) > @1 (y). If there exists some 1 < i < m such that d; > d; 1,
then we can let

x:Hsj, and y= H 55,

j<i j<i+l
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in which case x < y, but

(I)L<l.):(07"'a1707"'70).(dlv"'vdivdi-i-lv"'adm)

=(0,...,0,1,...,0) - (dy,...,dm)

On the other hand, if there exists some 1 < ¢ < m such that d; = d;;1 and s; > s;41, we can set

x=(s; —1) Hsj ) and  y=(s;41—1) H si |

J<i J<i+1
in which case z < y, but
(I)L(.T) = (O,...,SZ‘ - 1,07...,0) . (dla-~-adiadi+17~-~7dm)

> (Si+1 - l)dl

= (si+1 — )dia

= (07---5073i+1 —17...,0) . (dl,...7dm>

=®r(y).
We conclude that ®;, is not non-decreasing. O

Remark 2.1.3.30. The converse of the previous lemma is false. For example, the flat layout
L=(3,57):(1,1,1)

is sorted, but
®r(7)=1(0,2,0)-(1,1,1) =2

is strictly greater than
& (16) = (0,0,1) - (1,1,1) = 1.

If L is a flat layout, then we can permute the modes of L to obtain a sorted layout sort(L).
Construction 2.1.3.31. Suppose
L=(s1,-..,8m):(d1,...,dm)
is a flat layout. Define a linear ordering < on (m) by i < j if
1. mode;(L) < mode;(L), and
2. if mode;(L) = mode;(L) then i < j.

Let o € ¥, be the permutation associated to the linear ordering < of (m). We define sort(L) to be
permutation of L by o:
sort(L) = L°.
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Example 2.1.3.32. If
L =(2,4,8,16) : (64,1,2,4)

then
sort(L) = (4,8,16,2) : (1,2,4,64).

Example 2.1.3.33. If
L=(5,32,16) : (1,5,5)

then
sort(L) = (5,16,32) : (1,5,5).

Example 2.1.3.34. If L is sorted, then sort(L) = L. In particular, this implies that sort(—) is an
idempotent operation:
sort(sort(L)) = sort(L).

Remark 2.1.3.35. If L is a flat layout, then typically ®gore(ry # ®1. However, the layout functions @y,
and g1y always have the same image. To see this, let’s write

L=(s1,---y8m): (d1,...,dm), and
sort(L = (Sg(l),. . .,Sa(m)) : (da(l),.. .,dg(m))

for some permutation ¢ € X,,. If an integer n is in the image of ®, then there exists a tuple
(#1,...,%m) €[2[0, s;) such that

r1di+ - F Tpdy =n
in which case the tuple (Z5(1), ..., Zo(m)) € [[1o [0, 50(;)) satisfies
Toydo) + * + To(m)da(m) = N-
This proves that Image(®sor (L)) C Image(®y ), and the reverse inclusion is proved similarly.
2.1.3.6 Concatenate
Recall that if X = (z1,...,2p) and Y = (y1,...,yn) are tuples, then the concatenation of X and Y is
X*xY =(z1,. ., Tm, Y15+ Yn)-

We can immediately extend this definition to define the concatenation of layouts.

Definition 2.1.3.36. Suppose

L12511D1
LQZSQZDQ

are flat layouts. Then the concatenation of L1 and L is the flat layout
L1 *L2 = 51*52 : Dl*DQ.

Concatenation of flat layouts is associative, so more generally, if Lq, ..., L; are flat layouts, we may
form the concatenation
Lqyx---%xLy.
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Example 2.1.3.37. If L, = (7,2) : (2,1) and Ly = (3,3,3) : (0,10, 30), then
LixLy=(7,2,3,3,3) : (2,1,0,10,30).
Example 2.1.3.38. If £ = () : () is the empty layout, then for any flat layout L we have
LxE=L=FExL.
Observation 2.1.3.39. Suppose
L=(s1,-y8m): (d1,...,dm)

is a flat layout. If we write
Li = (si) : (di),
then we can write L as the concatenation

L=Li%---xL,,.

If Lq,..., Ly are flat layouts, then the layout function of the concatenation Lqx---x Ly is determined
by the layout functions of Lq, ..., Ly as follows.

Proposition 2.1.3.40. Suppose Lq,..., Ly are flat layouts of shape Si,...,Sk, and size N1, ..., N,
respectively. Then the coordinate function

[0,51*'-'*Sk) PLyx-xLy 7,
of L1 x-+-x Ly is equal to the composite
o +.+ .
0,81 %+ % Sp) —— [0,81) x -+ x [0, ) T g
Xixoox Xpp +——m (X1,..., Xk)
and the layout function
Br s
[0, Ny -+ N},) —22%, 7,
of L1 x-+-x Ly is equal to the composite
colex o et P
0, N7 -+ Njy) ———205 10 Ny x -+ x [0, Nig) Sttt

Proof. Let’s write L; = S; : D; for each 1 <14 < k. The first claim holds because if
X €[0,51 -+ %Sk)

corresponds to
Xy %% Xp €[0,51) x -+ x [0, Sk)
under the canonical isomorphism [0, S % - -+ x Sy) =[0,S1) x --- x [0, Sg), then
OLywnr, (X) =X - (Dyx -+ % Dy)
= (X1%- % Xp) - (D1 %% Dy)
= (X1 -Dy)+ -+ (Xy - Dy)
=0, (X1) + - 4 o, (Xp).
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For the second claim, we argue that the diagram

-1 -1
colexs1 Xoeee Xcolexsk

[0, N1) x -+ x [0, Nq) [0,S1) x -+ x [0,51)
C°|ex(_1\11 ..... Nk)T g]\ PLy +"'+<PLk
[0, Ny -+ Ng) coleng*...*sk [0, % -+ % Sg) >¢L1*W*Lk Z

commutes. The left-hand square commutes since colexicographical isomorphisms are associative, and
the right-hand triangle commutes by the first claim. O

Proposition 2.1.3.41. Suppose L1, ..., Ly are flat layouts. Then

1. the rank of Ly x---* Ly, is
k
rank(Lq x---x L) = Z rank(L;),
i=1

2. the size of Ly % -+-% Ly, is

k
size(Ly x---% Ly) = H size(L;),
i=1

3. the cosize of Ly % +--% Ly, is

k
cosize(Ly *---x L) =1—k+ Z cosize(L;).

i=1

Proof. Let’s write L; = S; : D; for each 1 <14 < k. For 1, we compute

k k
rank(Ly x -+ % Lg) =len(Sy x -+ - x Sg) = Z len(S;) = Z rank(L;).
i=1 i=1

For 2, we compute
k k
size(Lq % -+« L) = size(S1 x -+ x S) = Hsize(SZ-) = Hsize(Li).
i=1 i=1

For 3, we compute

cosize(Ly * - x L) =1+ max(Pp, 421, )
k

=1+ Z max(®y,)

i=1
=1—k+ Q4+ max(®,))+ -+ (1L +max(Pyg,))
=1—k + cosize(Ly) + - - - + cosize(Lg).

where we have used our identification of ®,4....r, from Proposition 2.1.3.40. O
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2.1.4 Flat coalesce

We have seen that the layout function @y, of a flat layout L is an important invariant. In many cases,
we are only interested in the layout function @, and are free to work with any layout whose layout
function is ®;,. The flat coalesce operation

L+ coal’(L)

provides us with the simplest flat layout whose layout function is ®y, (see Proposition 2.1.4.19). We
begin by defining the notion of a coalesced flat layout.

Definition 2.1.4.1. Suppose L = (s1,...,8m) : (d1,...,dy) is a flat layout. We say L is coalesced if
1. for any 1 <14 < m, we have s; # 1, and
2. for any 1 <7 < m, we have s;d; # d;41.
Example 2.1.4.2. The flat layout
L=(3,52):(7,21,4)
is not coalesced because 3 -7 = 21.
Example 2.1.4.3. The flat layout
L=(2,7,6):(1,3,10)
is coalesced.
Example 2.1.4.4. The empty layout E = () : () is coalesced.
Example 2.1.4.5. If L is a flat layout of rank 1, then L is coalesced.

Example 2.1.4.6. If L = (s1,...,8m) : (d1,...,dn) is a column-major layout with rank(L) > 1, then
L is not coalesced, since for any 1 < i < m, we have

sidi = si(s1° - 8i—1) = 81+ 8; = dip1.

Example 2.1.4.7. If L = (s1,...,8m) : (d1,...,dy,) is a row-major layout with s; > 1 for all
1 <i < m, then L is coalesced: If 1 < i < m, then

Sid; = S$iSi41- " Sm > Sit2Sm = djt1-
Example 2.1.4.8. A flat layout of the form
L=(s1,-.,8m):(0,...,0)
is coalesced if and only if m < 1.

If L is a flat layout, then we may form a coalesced flat layout coalb(L) with the same layout function
as L.
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Construction 2.1.4.9. Suppose L is a flat layout, and write
squeeze(L) = (S1,..+,8m) : (d1,...,dm).
Let ~ be the equivalence relation on {(m) generated by i ~ i+ 1 if
sid; = diy1.

The quotient (m)/ ~ is ordered by [i] < [¢'] if i < 4', so we may identify (m)/ ~ with (m), where m is
the size of (m)/ ~. If i € (m) corresponds to the equivalence class

I={'id+1,...;i +k} € (m)/ ~,
then we define integers s; and d; as
Si = Si/Si'41 " " Sil+k
and

di = dys,

and define

coal’ (L) = (51,...,5m) : (d1,...,dm).

Remark 2.1.4.10. Examining the definition, we could equivalently define coalb(L) to be the flat layout
obtained from
squeeze(L) = (S1,.--,8m) : (d1,...,dm)

by iteratively performing the operation
S, Si41 * diy Sid; ~ 88541 ¢ d;

until the result is coalesced.
Example 2.1.4.11. If L = (2,2,2,2,2) : (8,16,1024, 2048, 4096), then

coal’(L) = (4,8) : (8,1024).
Example 2.1.4.12. If L = (3,4,1,5) : (1,8, 3,32), then

coal’(L) = (3,20) : (1,8).
Example 2.1.4.13. If L = (s1,...,8m) : (d1,...,dy) is column-major, then

coal’ (L) = (s1---sm) : (1).
Example 2.1.4.14. If L is row-major, then

coal’(L) = squeeze(L).

Lemma 2.1.4.15. If L is a flat layout, then coalb(L) is coalesced.
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Proof. Borrowing the notation of Construction 2.1.4.9, let
squeeze(L) = (S1,.--,8m) : (d1,...,dm)

and let
coal’ (L) = (51,...,5m) : (dy, ..., dm).

We want to show that coalb(L) is coalesced. Suppose 1 < i < m. Then i corresponds to a (non-empty)

giillsi/

el

equivalence class I € (m)/ ~, and

is a product of integers s > 1, so §; > 1.
Suppose 1 <1i < m. We claim that s;d; # d;+1. Suppose i corresponds to the equivalence class

{i';i"+1,...,i' + k} € (m)/ ~,
and suppose ¢ + 1 corresponds to the equivalence class
{4+ k+1,d +k+2,....8 +k+ £} € (m)/ ~.
Then by using the equalities s;/4+dir 4t = dir 41 for 0 <t < k, we may write

5id; = d;5; = dyrsysyq1 - Sirqn

= di’+13i’+1 CSil4k

= di’+k3i’+lc

= Sy 41y 4k
and since i’ + k and i’ + k + 1 do not lie in the same equivalence class, we have
Sidi = S yidiryi # diryrnyr = diga.
O

Example 2.1.4.16. If L is coalesced, then coal’(L) = L. In particular, this implies that coal’(—) is

an idempotent operation:
coal’ (coal’ (L)) = coal’(L).

Next, we argue that coalescing a flat layout leaves the layout function unchanged.
Lemma 2.1.4.17. If L is a flat layout, then ® y,p ) = Pr.

Proof. Tt suffices to show that replacing an instance of s;, s;41 @ d;, s;d; with s;8;41 @ d; leaves the
layout function unchanged. Suppose

L= (817"'7Sm) : (dlv"‘adm)
is a flat layout, and there exists some 1 <4 < m such that d;11 = s;d;. Let
L= (s,...,80,_1): (d},....,d,_1)

denote the flat layout obtained from L by combining the ith and (i + 1)th modes of L. More precisely,
we have
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Sj J<t o
/ . p d; j<i
S] = SiSit1 ) =1 and dj = . .
] ) dj+1 1 <jJg<m.
Sj+1 1<y <m,
The layout function for L is given by

Op(z) =a1d1 + - + Tdi

where z; = J mod s;, and the layout function for L’ is given by
517" 85-1
Op(a) = aidy + -+ p,_ydp, 4
/ L /
where 2, = | -———— | mod s;. We observe that
_81 PRI Sj_l
Z; j<i
.13_/] = xT; —+ Ti+1S; ] =1
Tj+1 1< j<m,

and so

(I)L(ZZ?) =x1d1+ -+ Tdpy
=zidi + -+ @idi + Tiv18idi + -+ Tdy,
=x1dy + -+ (T + ip18i)di + o+ Tnd

=ahdy + -, dy,
= @L/(JC).
O

We can use the coalesce operation to characterize when two flat layouts have the same layout function.

Proposition 2.1.4.18. Suppose A and B are flat layouts. Then ® 4 = O if and only if coal’(A) =
coal’(B).

Proof. If coal(A) = coal’(B), then by Lemma 2.1.4.17, we have
Py = (I)coal"(A) = q)coal"(B) = 0p.
Inversely, suppose that coal’(A) # coal’(B). We will argue that ®4 # ® 5. Let’s write
coal’(A) = (s1,...,5m) : (di, ..., dm),
coal’(B) = (t1,...,tn) : (e1,...,€m).

Let 4 denote the least integer such that (s;,d;) # (t;, e;). Then, in particular, we have s1---s; =t1---¢;
for any j < i. There are two cases to consider:

. (Case 1) Suppose dl % €;. Let N = S1°°8;-1 = tl . 'ti—l- Then

(Dcoalb(A)(N) =d; # e = (I)coalb(B)(N)

80 D oap(a) 7 Peoar (- and hence @4 # Pp.
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o (Case 2): Suppose d; = e;, so that s; # t;. Without loss of generality we may assume s; < t;.
Let N = S1°-8; = (tl e -ti_l)si. Then

(I)coalb(A) (N) = di+1

while
‘I)coalb(B)(N) = 5i6;
= Sidi7

and since coal’(A) is coalesced, we have d; 41 # s;d;. We deduce that Peoarr (4) # Peoarr (), and
hence &4 # ¢p.

O
The previous proposition affords us the following characterization of coall’(L).

Proposition 2.1.4.19. If L is a flat layout, then coalb(L) is the unique flat layout of minimal rank
whose layout function is ®y,.

Proof. Suppose L' is a flat layout with ®7» = ®1. Then by Proposition 2.1.4.18, we have
coal’(L) = coal’ (L),

and it follows that
rank(coal’ (L)) = rank(coal’ (L)) < rank(L'),

where equality holds if and only if

L' = coal’ (L) = coal’(L).

2.1.5 Compact flat layouts

In this section we investigate an especially important family of layouts, called compact flat layouts.
These are the flat layouts whose layout functions are bijective. More precisely, we have the following
definition.

Definition 2.1.5.1. Suppose L is a flat layout. We say L is compact if

peosize(L)
[0, size(L)) —=—— [0, cosize(L))

is an isomorphism.
Example 2.1.5.2. The flat layout
L=(2,222):(1,2,4,8)
is compact. More generally, if L is column-major, then L is compact.
Example 2.1.5.3. The flat layout
L =(3,64,32) : (2048,32,1)

is compact. More generally, if L is row-major, then L is compact.
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Example 2.1.5.4. The empty layout

is compact.

Example 2.1.5.5. Suppose
L=(s1,--y8m): (d1,...,dm)

is a flat layout. If there is some mode of L with s; > 1 and d; = 0, then L is not compact.
We can give an explicit characterization of compact layouts as follows.
Proposition 2.1.5.6. Suppose L is a flat layout, and write
squeeze(L) = (S1,...,8m) : (d1,...,dm).
then L is compact if and only if there exists a permutation o € %, such that
do(i) = 85(1) " So(i-1)

for all 1 < i < m. In other words, L is compact if and only if there exists a permutation o € ¥, such
that squeeze(L)? is column-major.

Proof. Suppose L is a flat layout, and write
squeeze(L) = (81,..,8m) : (d1,...,dm).

Suppose first that L is compact, so there exists a permutation o € %, such that d, ;) = s5(1) *** So(i—1)
cosize(L)

for each 1 <4 < m. If we write S7 = (s5(1), ..., 50(m)), then we can write & as the composite
. colexg1 o colexgo .
[0, size(L)) [0,S5) [0,57) ————— [0, cosize(L))
(,Tl, - ,.’L’m) — (.’L‘U(l), ce 7-750(m))
and since each of these maps is an isomorphism, so is the composite ‘I)CLOSize(L).
Conversely, suppose that @fs'ze(L) is an isomorphism. First, we note that the strides d,...,d,

must be pairwise distinct: Suppose d; = d;, and let 6;" and ;" denote the tuples whose ith (resp. jth)
entry is 1, and all of whose other entries are 0. These tuples satisfy

57 (d, .. dy) =di = d; =65 (dy, ..., dm),

and since @fSize(L) is injective, we must have ¢ = j. Given that the strides d1,...,d,, are pairwise

distinct, let o € 3,,, be the permutation such that
dg(l) < do(g) <0 e <K dU(m).

We will argue by induction on i > 1 that dg(;) = Sg(1) "+ So(i—1)- For the base case i = 1, we note that
1 is in the image of (DfSize(L), and the smallest non-zero value of <I>CL°Size(L) is dy(1), so it follows that
dy(1) = 1. Suppose i > 1, and that we have proved the claim for all j <. Consider the stride d, ).

We know that there is no tuple of the form (z1,...,2;-1,0,...,0)? such that

(1‘1,...,131'_1,0,...,0)0 . (dl,...,dm) = 80(1) "'Sa(i—l)a
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since the largest possible value of such an expression is

1—1
D (o) = D(so) -+ S0(j-1) = Sa(1)** Sa(i-1) — L.

Jj=1

Since ®$°%#¢(L) is surjective, and do(iy < dg(it1) <+ < dg(m), it follows that the next largest value

of <I>2°Size(L) is dg(s), so we must have d,(;) = $5(1) " S5(i—1), as claimed. O]
We conclude this section by giving a family of equivalent conditions for L to be compact.
Proposition 2.1.5.7. Suppose L is a flat layout. Then the following are equivalent.
1. L is compact.
2. coal’(L) is compact.
3. squeeze(L) is compact.
4. sort(L) is compact.

Proof. The equivalence of 1, 2, and 3, follows from the fact that
Pr = Pop (1) = Psqueeze(r)-
It remains to prove that L is compact if and only if sort(L) is compact. Using the fact that
squeeze(sort(L)) = sort(squeeze(L)),
we have

sort(L) is compact. < squeeze(sort(L)) is compact.

< sort(squeeze(L)) is compact.

Now sort(squeeze(L)) = squeeze(L)" for some permutation 7 € ¥,,, so there exists a permutation o
such that squeeze(L)? is column-major if and only if there exists a permutation ¢’ € ¥, such that
sort(squeeze(L)) is column-major, namely o’ = 7~ 1o. It follows that

sort(squeeze(L)) is compact. <  squeeze(L) is compact.

& L is compact.

2.1.6 Complements

In this section, we define the notion of complementary flat layouts. Recall from Definition 2.1.5.1 that
a flat layout L is compact if the layout function

(I)cLosize(L) : [0, size(L)) — [0, cosize(L))
is an isomorphism.

Definition 2.1.6.1. Suppose L and L’ are flat layouts. We say L’ is a complement of L if the
concatenated layout L x L' is compact.
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Example 2.1.6.2. If L = (7) : (4), then L' = (4) : (1) is a complement of L, since
LxL =(7,4): (4,1)
is compact.

Example 2.1.6.3. If L = (4,2, 10) : (1400, 2,20), then L’ = (2,5,7,2) : (1, 4,200, 5600) is a complement
of L, since
LxL' = (4,2,10,2,5,7,2) : (1400, 2,20, 1, 4, 200, 5600)

is compact.

Example 2.1.6.4. If L is a flat layout, then the empty layout E = () : () is a complement of L if and
only if L is compact, since
LxE=1L.

Example 2.1.6.5. If L and L’ are flat layouts, then L’ is a complement of L if and only if L is a
complement of L'.

Example 2.1.6.6. If L is a flat layout, then L is a complement of L if and only if size(L) = 1.

Observation 2.1.6.7. In order for L to admit a complement, it is necessary that &, is injective.
There do, however, exist flat layouts L such that ®, is injective, and L does not admit a complement.
For example, consider the flat layout

L=1(2,2):(1,3).

The layout function of L is injective since
$,(0)=0, P (1) =1, ®(2) =3, and &L (3) = 4,
but L does not admit a complement: Suppose
L'=(s1,...,8m): (d1,...,dm)
is any other flat layout. If there does not exist a tuple
(1,22, 91, -, Ym) € [0,2) x [0,2) x [0,81) X <+ X [0, 8,)

such that ¢ (€1, 22,Y1,...,Ym) = 2, then L * L’ is not compact. Suppose otherwise that there is
such a tuple (21, 22,1, ,Ym). Then pr/ (y1,...,ym) € {0,1,2}.

o (Case 1): If 1/ (y1,-..,ym) =0, then

©rsr7(0,0,0,...,0) =0 =@rer/(0,0,91, ..., Ym)-
o (Case 2): If o1 (y1,---,ym) =1, then

wrsr(1,0,0,...,0) =1 = @rer(0,0,91, ..., Ym)-
o (Case 3): If o1 (y1,---,Ym) = 2, then

wrsr(0,1,0,...,0) =3 = @rer/(1,0,91, .., Ym)-

In any case, we deduce that ¢r,r is not injective, hence neither is ® ... This implies that L x L’ is
not compact, so L’ is not a complement of L.
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Observation 2.1.6.8. Complements are not unique. For example, if
L =(8,8):(2,32),
then each of the layouts
L'=(2,2):(1,16)
L" =(2,2): (16,1)
L' =(5,2,2,1) : (256,1,16,0)
is a complement of L. Instead, there is a (possibly empty) set

complements’ (L) = {flat layouts L' | L' is a complement of L}.

of layouts which are complementary to L.

It will be useful to provide a family of equivalent conditions for L’ to be a complement of L (see
Proposition 2.1.6.10). In order to do so, we need the following technical lemma, which describes the
interplay between concatenation, and the operations squeeze(—), sort(—), and coal’(—).

Lemma 2.1.6.9. Suppose L and L' are flat layouts. Then
1. squeeze(L x L") = squeeze(L) * squeeze(L’),
2. sort(L x L") = sort(L % sort(L")), and
3. coal’ (L x L) = coal’ (L x coal’ (L')).
Proof. Write
L=(s1,-.-,8m):(d1,...,dn)
L= (t1,...,tn) : (€1, .. €n).

If we let {i; < -+ < ip } C (m) denote the indices with s;, # 1, and {ji,...,jn } C (n) denote the
indices with t;, # 1, then

squeeze(L*L’) = (Sim'";sim/vtjla---atjn/) : (di17"'vdim/’ejw'"?ejn/)

= squeeze(L) x squeeze(L').

This proves 1. For 2, we note that for any flat layout A, and any permutation o € Xjen(4), we have
sort(A) = sort(A7). The result follows from the observation that

Lxsort(L') = (LxL")"

where ¢ is a block permutation of the form o =id x ¢’ € 3,,, X ¥,, C ¥,,4p,. For 3., it suffices to show
that L+ L’ and L coal’ (L) have the same layout function. This follows from Proposition 2.1.3.40. [

Proposition 2.1.6.10. Suppose L and L’ are flat layouts. Then the following are equivalent.
1. L' is a complement of L.
2. L is a complement of L'.

3. squeeze(L') is a complement of L.
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4. coal’(L') is a complement of L.
5. sort(L') is a complement of L.

Proof. We use Proposition 2.1.5.7 and Lemma 2.1.6.9 to prove the equivalence of these conditions.
First, we note that sort(L = L') = sort(L’ x L), which implies the equivalence of 1 and 2. Next, we note
that, by Lemma 2.1.6.9, if op(—) is any of the operations squeeze(—), sort(—), or coalb(—), then

op(Lx L") = op(Lxop(L")),
and so

L' is a complement of L L x L' is compact.

op(L x L) is compact.
op(L xop(L')) is compact.

t et

op(L') is a complement of L.
O

We would like to characterize when a flat layout admits a complement. To this end, we make the
following definition.

Definition 2.1.6.11. Suppose L is a flat layout, and write
sort(squeeze(L)) = (s1,.--,8m) : (d1,...,dm).
We say L is complementable if for any 1 < i < m, the integer s;d; divides d;1.
Example 2.1.6.12. The flat layout
Ly =(4,1,1,4,4): (64,0,0,1,8)
is complementable, while the flat layout
Lo =(4,4,4): (64,1,1)

is not complementable.
Example 2.1.6.13. The flat layout

L, = (10,2) : (4,80)
complementable, while the flat layout

Ly = (10,2) : (80,4)
is not complementable.

Example 2.1.6.14. If L is compact, then by Proposition 2.1.5.6, L is complementable.

Example 2.1.6.15. Suppose
L= (sla”'asm) : (dlw-'adm)

is a flat layout. If there is any 1 < ¢ < m such that s; # 1 and d; = 0, then L is not complementable.
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If L is complementable, then we can construct a complement of L as follows.
Construction 2.1.6.16. Suppose L is a flat layout, and write
sort(squeeze(L)) = (81, ., 8m) : (d1,...,dm).
If L is complementable, then we define a flat layout comp’(L) as
comp® (L) = coal’(C)
where

dy ds3 dpm
1, d ) d PRI d
S141 S202 Sm—10m—1

C= (d ) ; (1,31d1,52d27...,sm,ldm,l).

Example 2.1.6.17. If L = (8,8) : (1,8), then
comp’(L) = () : ()

is the empty layout. More generally, if L is compact, then comp®(L) = () : () is the empty layout.
Example 2.1.6.18. If L = (2,2) : (2,8), then

comp®(L) = (2,2) : (1,4).
Example 2.1.6.19. If L = (3,3,8) : (16,96,1), then

comp’(L) = (2,2) : (8,48).
Let’s justify that comp®(L) is, in fact, a complement of L.

Lemma 2.1.6.20. Suppose L is a flat layout. If L is a complementable, then comp"(L) s a complement
of L.

Proof. Lets write
sort(squeeze(L)) = (s1,...,8m) : (d1,...,dm),

so that comp®(L) = coal’(C') where

dy d3 dm
1 d ) d ety d
$101 S202 Sm—10m—1

C = (d ) . (1,31d1,82d2,...,Sm_1dm_1>.
By Proposition 2.1.6.10, it suffices to prove that C is a complement of sort(squeeze(L)). This is the
case since the concatenation

sort(squeeze(L)) x C

is equal to
dsy dm,
S1y.nnySm,d1, e c(dyy ..y dm, 1, 81de, .o S 1dim—1),
(1 my U1 51d1 Sm—ldm—1> ( 1 m 141 m—1Um 1)
and its sorting is equal to
ds dm
dyq, s1, . s :(1,dq,81d1, ..oy Sm—1dm_1,d
( 1,91 Sldl Sm—ldm—l, m) ( 1,°1081 m—1Um—1 m)
which is column-major. O
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We have shown that if L is complementable, then L admits a complement. Next, we prove that
the converse also holds.

Proposition 2.1.6.21. Suppose L is a flat layout. Then there exists a complement L' of L if and
only if L is complementable.

Proof. If L is complementable, then by Lemma 2.1.6.20 the layout comp®(L) is a complement of L.
Conversely, suppose there exists a complement L’ of L, and consider the flat layout

A = sort(squeeze(L) * squeeze(L'))
= (sla”'asm) : (dla-”»dn)'

Since ®4(0) = 0, and P4 is injective, we know that d; # 0. We will argue that d; = s1---;_1, i.e.,
that A is column-major. Since

(I)i;)size(A) : [0, size(A)) — [0, cosize(A))

is a bijection, we know that 1 is in the image of ® 4, which implies that d; = 1. Suppose 1 < i < m,
and suppose we have proved that d; = s;---s;_; for all j <i. Consider the stride d;. We know that
there is no (z1,...,%;—1,0,...,0) such that (z1,...,2;-1,0,...,0) - (d1,...,d) = $1---S;—1, since
the largest possible value of such an expression is

i—1

Z(Sj — 1)(81"'ij1) =818 — 1

Jj=1

Since @ 4 is surjective, and d; < d;41 < -+ < dpy, it follows that the next largest value of ® 4 is d;, so
we must have d; = s1---5s;_1, as claimed.
Returning to our main goal, consider the layout

sort(squeeze(L)) = (87,..., 80, ) : (dy,...,d.,).

Then there exist j; < --+ < jmn such that s, = s;, and d} = dj, foreach 1 <i<m/. If 1 <i <m/,
then
sidi = sj,dj, = 85,51 85,1
divides
d;+1 =81 S5 -1
so we conclude that L is complementable. O

Our next goal is to give an abstract characterization of the complement compb(L) of a flat layout L.
In order to do so, we need the following lemma.

Lemma 2.1.6.22. Suppose L is a flat layout. If L is complementable and sorted, then the layout
function
&y 1 [0,size(L)) — Z

1S increasing.

Proof. Write
L= (51,...,Sm) : (dl,...7dm).
If 1 <k < m, we claim that

di(s1 — 1) +do(sa — 1)+ -+ dg—1(sk—1 — 1) < dp.
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If kK =1, this holds vacuously, and by induction on k, we have

di(s1 = 1)+ -+ di—2(sk—2 — 1) + d—1(sx—1 — 1) < dp—1 + d—1(s, — 1)
= dp_15K-1
< dj.

Now, suppose we have z,y € [0,size(L)) with < y. These integers correspond, under the colexico-
graphical isomorphism, to tuples.

(@1, Tm), (Y1, -+, Ym) €[0,81) X -+ x [0, $p)

Since = < y, we know there is some maximal 1 < k < m such that = < yi, and z, = y, for all
k < ¢ <m. Now we can compute

@L(x) =dix1+ -+ dp_1Tr—1 + dgrg + dk+1xk+1 + -+ dnrm
=dyzy + -+ dp_1Tp-1 +dprg + dipiyrrr o+ dym
<di(si—1) 4+ +dp1(sk-1 — 1) + dxp + dry1ypr1 + - + dnYm
<dp +dprk + deg1Yrer + 0+ dYm
=dp(rp + 1) + des1ypsr + -+ dnYm
< dpyk + dir1Yrr1 0 + dinYm
<diy1+...dnym
= 01(y).
]
Proposition 2.1.6.23. Suppose L is a complementable flat layout. If L' is a flat layout such that
1. L' is a complement of L,
2. size(L') = size(comp®(L)),
3. L’ is coalesced, and
4. L' is sorted,
then L' = comp®(L).

Proof. Conditions 1 and 2 imply that ®7/ and ® oy () have the same image. Since L' and comp®(L)
are sorted, we know by Lemma 2.1.6.22 that 1/ and ®cqyp» (1) are increasing. Combining these two
facts, it follows that &, = P ompr (L) Proposition 2.1.4.18 and condition 3 then imply that

L' = coal’(L') = coal’(comp®(L)) = comp’(L).

O

Definition 2.1.6.24. Suppose L and L’ are flat layouts, and N is a positive integer. We say L’ is a
N-complement of L if L' is a complement of L and

size(L) - size(L") = N.
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Definition 2.1.6.25. Suppose L is a flat layout, and write
sort(squeeze(L)) = (s1,...,8m) : (d1,...,dm).
We say L is N-complementable if
1. for all 1 <4 < m, the integer s;d; divides d;11, and
2. the integer s,,d,, divides N.

Observation 2.1.6.26. If L is complementable, and s,, : d, is the last mode in the layout
sort(squeeze(L)), then L is N-complementable exactly when N is a positive integer multiple of
S,

Observation 2.1.6.27. N-complements are not unique. For example, if L = (2,2) : (1,50) and
N =100, then each of the layouts L1 = (25) : (2), and Ly = (5,5) : (2,10) is a N-complement of L.
As a more general example, if L’ is a N-complement of L, then coalb(L’ ) is also a N-complement of L.

Remark 2.1.6.28. Suppose L is a flat layout and L; and Ly are N-complements of L. Then the layout
functions @, and ®r, need not be equal, but they necessarily have the same image. For example, if
L=(4):(63) and N =252 then L; = (7,9) : (1,7) and Ly = (9,7) : (7,1) are N-complements of L,
and @y, # ®r,, since

O, (1)=1#7=L,(1).

As a more general example, if L’ is a N-complement of L, then sort(L’) is also a N-complement of L.

Construction 2.1.6.29. Suppose L is a flat layout, IV is a positive integer, and L is IN-complementable.
If we write
sort(squeeze(L)) = (s1,...,8m) : (d1,...,dm),

then we define a flat layout comp®(L, N) by
comp®(L, N) = coal’(C)

where

(d d2 d3 N
b Sldl’ 82d27 Y Smdm

Example 2.1.6.30. If L = (3,10) : (80,4) and N = 2400, then

C= ) : (1,31d1,52d2,...,smdm>.

comp’ (L, N) = (4,2,10) : (1,40,240).

Lemma 2.1.6.31. Suppose L is a flat layout, N is a positive integer, and L is N-complementable.
Then comp®(L, N) is a N-complement of L.

Proof. Lets write
sort(squeeze(L)) = (s1,...,8m) : (d1,...,dm),

so that comp®(L, N) = coal’(C') where

dy ds N
( U sidy sads’ 75mdm) (1,s1dy, s2d2, ..., s )
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First, we compute

size(L) - size(L') = <H Sz) . <d1. (H . dcil' ) . j\cfl >
i=1 j—g 1= 1%i—1 Smam,

We need to check that L« L’ is compact. Equivalently, we need to check that ®%, ;, is an isomorphism.
By Lemma 2.1.5.6, it suffices to prove that

squeeze(L) * squeeze(L')

is compact. This is the case since this layout is equal to

do N
s1di” " spmdm

<317~--aSM7d17 > : (dlv'--7dma1751d1;--'asmdm)

and so its sorting
sort(squeeze(L) x squeeze(L'))

is equal to
d2 dm N
dy, s1, e s S, s (1,dy, s1d1,y - - oy Sm—1dm—1, dm, Smd
( 1 1 51d1 Smfldmfl m Smdm ( 1,20101 m—1Um—1,WUm,om m)
which is column-major. O

Proposition 2.1.6.32. Suppose L is a flat layout and N is a positive integer. Then there exists a
N-complement L' of L if and only if L is N-complementable.

Proof. If L is N-complementable, then by Lemma 2.1.6.31 the layout comp’(L, N) is a N-complement
of L.
On the other hand, suppose there exists a N-complement L’ of L. Consider the flat layout

A = sort(squeeze(L) * squeeze(L'))
=(81,-.+,8m): (d1,...,dp).

Since ®4(0) =0, and P4 is injective, we know that d; # 0. We will argue that d; = s1---s;_1, i.e.,
that A is column-major. Since
®} :[0,N) = [0, N)

is a bijection, we know that 1 is in the image of ® 4, which implies that d; = 1. Suppose 1 < i < m,
and suppose we have proved that d; = s;---s;_1 for all j < i. Consider the stride d;. We know that
there is no (z1,...,2;-1,0,...,0) such that (x1,...,2;-1,0,...,0) - (d1,...,dm) = 81--8;_1, since
the largest possible value of such an expression is

i—1

Z(Sj —1)(s1---8j—1) =81---8 — L.

Jj=1
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Since ® 4 is surjective, and d; < d;11 < -+ < d,y, it follows that the next largest value of ® 4 is d;, so
we must have d; = s1---5;_1, as claimed.
Returning to our main goal, consider the layout

sort(squeeze(L)) = (87,..., 80 ) : (dy,...,d../).

m

Then there exist j; < --+ < jn such that s, = s;, and d} = dj, foreach 1 <i<m/. If 1 <i<m/,
then
sid; = 55,dj; = 85,51+ 85,1
divides
dify =81 Sj—1-

If ¢ = m/, then

Spr s = 85,5, = 85,8177 85,,-1
divides

N =81 8m-

We conclude that L is N-complementable. O

Proposition 2.1.6.33. Suppose N is a positive integer, and L is a N-complementable flat layout. If
L' is a flat layout such that

1. L' is a N-complement of L,
2. L' is coalesced, and
3. L' is sorted,

then L' = comp®(L, N).

Proof. Conditions 1 and 2 imply that ®7, and ® (1, ) have the same image. Since L’ and
comp®(L, N) are sorted, we know by Lemma 2.1.6.22 that ®7, and @ compe (1, ) are increasing. Com-
bining these two facts, it follows that @1/ = P oy (1, n)- Proposition 2.1.4.18 and condition 3 then
imply that

L' = coal’ (L") = coal’ (comp® (L, N)) = comp”(L).

O

Lemma 2.1.6.34. Suppose L is a flat layout. If N1 < Ny are positive integers such that L is
Ny-complementable and L is No-complementable, then

q)comp"(L,Ng) ‘[0,N1): (I)comp"(L,Nl)'
Proof. Write

sort(squeeze(L)) = (s1,...,8m) : (d1,...,dm),

(d dy ds dp

C= 1 ’ IR
s1dy’ sado Sm—10m—1

) : (17 Sldla 52d27 ERE Sm—ldm—l)
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and write

so that

Then we have a commuting diagram

colex !
[0, size(C1)) )
E
colex(_sée(c).Nz)
[0, size(Cs)) :

Ey = (S'ri\gm) t (Smdm),
Ey = ( N ) : (Smdm),

Smdm
Cl = O*El,
Cg = C*EQ,

comp®(L) = coal’(C)
comp’ (L, Ny) = coal’ (C})
comp® (L, Ny) = coal’(Cy).

(0, size(C)) x [0, Ny) —2<Xomim 747 -+, 7

o bl

[0, size(C)) x [0, Ny) —cXsmidm 7 57—+ 7

where, by Proposition 2.1.3.40, the composite of the top row is the layout function of Cy, = C x Ej,
and the composite of the bottom row is the layout function of Cy = C' x E5. This tells us that the
restriction of ®¢, to [0,size(Cy)) is D¢,, and the result follow from the fact that

CI)comp"(L,Nl) = (I>C1

q)compb(L,Nz) = @c,.
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2.1.7 Composition

In this section we define the composition of flat layouts. If A and B are flat layouts, then the composite
B o A is a flat layout whose layout function is the composite of the layout functions of A and B. More
precisely, we have the following definition.

Definition 2.1.7.1. Suppose A and B are flat layouts. We say the flat layout R is the composition of
A and B, and write R = Bo A, if

1. shape(A) = shape(R), and
2. ®p=dpo WP

Remark 2.1.7.2. Note that condition 1 in our definition ensures that ®z and ® 4 have the same domain,
and condition 2 implies cosize(A4) < size(B).

Example 2.1.7.3. If A =(2,3):(5,6) and B = (80) : (10), then
BoA=(2,3):(50,60).

More generally, if
A= (81,..‘,Sm) : (dl,...,dm)

is a flat layout, and
B={(t): (e
is a rank 1 flat layout with ¢ > cosize(A), then A and B are composable, and
Bo A= (51,...,8m) : (tdl,,tdm)
Example 2.1.7.4. If A = (128,128): (0,0) and B = (64, 32) : (1,64), then
BoA=(128,128) : (0,0).

More generally, if A is a flat layout each of whose stride entries is zero, and B is any flat layout, then
A and B are composable with Bo A = A.

Example 2.1.7.5. If A = (64,32) : (2,256) and B = (2048,2048) : (1,2048), then
Bo A= (64,32) : (2,256).

More generally, if A is any flat layout, and B is a column-major flat layout with cosize(A) < size(B),
then Bo A = A.

Example 2.1.7.6. If A= (4): (2) and B =(2,2,6) : (12,6,1), then there is no flat layout R with
R=BoA.

Remark 2.1.7.7. If B’ and B have the same layout function, then Bo A = B’ o A.

Remark 2.1.7.8. Flat layouts are a special case of the more general notion of layouts (Definition 2.3.1.1).
It turns out that there are cases (such as Example 2.1.7.6) where there does not exist a flat layout R
with R = B o A, but there does exist a (non-flat) layout R with R = B o A (see Example 2.3.7.5). For
this reason, we postpone further discussion and analysis of composition until we have defined layouts
in their full generality.
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2.1.8 Flat division

Definition 2.1.8.1. Suppose A and B are flat layouts, and that B is size(A)-complementable, with
B® = comp’(B, size(A)).
We define the flat division of A by B to be the flat layout
A@"B=Ao(Bx*B°).
Example 2.1.8.2. If A =(2,2,2,2):(1,4,2,8) and B = (2,2) : (4,2), then
A2"B=(2,2,272):(4,2,1,8).
Example 2.1.8.3. If A = (3,5,9,6) : (54,0,6,1) and B = (6,3) : (135, 1), then
AQ" B=(6,3,5,9):(1,54,0,6).
Example 2.1.8.4. If A is any flat layout and B = () : () is the empty layout, then

AQ° B = A.

2.1.9 Flat products

Definition 2.1.9.1. Suppose A and B are flat layouts, and that A is size( A)-cosize( B)-complementable,
with
A° = comp” (A, size(A) - cosize(B)).

We define the flat product of A and B by
A®" B=Ax (A0 B).
Example 2.1.9.2. If A= (2,2,2):(1,2,4) and B =(2,2,2) : (1,2,4), then
A® B =(2,2,227272):(1,2,4,8,16,32).
Example 2.1.9.3. If A = (2,2,2): (1,2,4) and B = (3,5) : (5,1), then
A®” B =(2,2,2,3,5):(1,2,4,40,8).
Example 2.1.9.4. If A is any flat layout and B = () : () is the empty layout, then

Ax B=A.

2.1.10 Tractable flat layouts

In this section we define an especially well-behaved class of flat layouts, called tractable flat layouts.
Tractable flat layouts include the most important examples of interest, such as row-major, column-
major, compact, and complementable layouts. Later on, we will see that tractable layouts are precisely
the layouts which arise from a certain category Tuple.

Definition 2.1.10.1. Suppose L is a flat layout, and write
sort(L) = (81, -+, 8m) : (d1,...,dm)-

We say L is tractable if for each 1 < i < m, we have
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1. d; =0, or
2. Sldl divides di+1.

Example 2.1.10.2. The flat layout
L=(12): (17)

is tractable. More generally, any flat layout of rank 1 is tractable.

Example 2.1.10.3. The flat layout
L=(2,4,32):(1,2,8)
is tractable. More generally, any column-major layout
L=(s1,-..,8m):(1,81,...,81" " Sm—1)

is tractable.

Example 2.1.10.4. The flat layout
L=1(2,4,32):(128,32,1)
is tractable. More generally, any row-major layout
L=(s1,---,8m): (82" Smy---’s8m,1)
is tractable.
Example 2.1.10.5. The flat layout
L=(3313,3,1,3):(81,1,0,9,3,0,27)
is tractable. More generally, any compact flat layout is tractable.
Example 2.1.10.6. The flat layout
L=3,7,7):(0,15,0)

is tractable. More generally, any flat layout with exactly one non-zero stride is tractable.
Example 2.1.10.7. The flat layout

L=(2,2,2,2):(1,2048,16,64)
is tractable. More generally, any complementable flat layout is tractable.

Example 2.1.10.8. Suppose L is a flat layout. If L is tractable and I C (m) is any subset, then the
restriction L |; is tractable. In particular, if L is tractable, then squeeze(L) and filter(L) are tractable.

Example 2.1.10.9. The flat layout
L=(4,8):(3,3)

is not tractable. In particular, this shows that the concatenation L, x Lo of tractable flat layouts L
and L, need not be tractable.
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Observation 2.1.10.10. If L is a tractable flat layout and no entry of stride(L) is equal to 0, then L
is complementable. In particular, if L is tractable, then filter(L) is complementable.

We conclude this section by enumerating a family of equivalent conditions for a flat layout L to be
tractable.

Proposition 2.1.10.11. Suppose L is a flat layout. Then the following conditions are equivalent.
1. L is tractable.
2. sort(L) is tractable.
3. filter(L) is tractable.
4. filter(L) is complementable.
Proof. Suppose L is a flat layout.

o (1 & 2): This follows from the fact that
sort(sort(L)) = sort(L).
o (1 & 3): This follows from the fact that
sort(filter(L)) = filter(sort(L)).
o (3 & 4): This follows from the fact that if

L= (51,0 5m)  (di, - o)

is a flat layout such that each of the stride entries d; is nonzero, then the definition of tractability
coincides with that of complementability.

O
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2.2 Nested Tuples

In this section, we introduce nested tuples, which are the generalization of tuples needed to define
layouts in full generality.

2.2.1 Profiles
Definition 2.2.1.1. A profile P is either
1. P==x, or
2. a tuple P = (Py,...,P,) of profiles P, ..., P, for some r > 0.

We write Profile for the set of profiles.

Example 2.2.1.2. Here are some examples of profiles.

Definition 2.2.1.3. Suppose P is a profile.
e The rank of X is

rank(P) = {1 P=x

r P=(P,...,P) is a tuple of profiles. .

e The length of P is

1=1

1 P =
len(P) = , *
>o_,len(P) P=(P,...,P)is a tuple of profiles.

e The depth of P is

0 P=
depth(P) = i
1+ maxi<i<r(depth(P;)) P = (Pi,...,P.) is a tuple of profiles.
Example 2.2.1.4. Here are some examples of profiles, together with their rank, length, and depth :
P =x rank(P) =1, len(P)=1, depth(P)=0
P = (*, %, %) rank(P) =3, len(P)=3, depth(P)=1
P = (((*, %), %, %), %, %), rank(P) =3, len(P) =06, depth(P)=3
P=(0),0), ( (x,%))), rank(P) =2, len(P) =3, depth(P)=3

Definition 2.2.1.5. Suppose P is a profile with rank(P) = r. If 1 < ¢ < r, then the ith mode of P is

de:(P) P depth(P) =0 (hence i =r = 1),
modae; =
P, P=(P,...,P) has depth > 1.
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Example 2.2.1.6. If P = ((x,%),(()), ((x, (*,%)))) then the modes of P are

mode; (P) = (%, *)
modes(P) = (())
modes(P) = (x, (x,x*)).

The following notation will be useful.
Notation 2.2.1.7. Suppose P is a profile of depth > 0. For any 1 < j < rank(P), we write

len;(X) = len(mode;(P)),

The most important operation supported by profiles is substitution: If ) is a profile of length m,
and P, ..., P, are profiles, then we can obtain a new profile (Pi,. .., Py,)q by replacing the ith entry
of @ with the profile P;, for each 1 < i < m. More precisely, we have the following definition.

Definition 2.2.1.8. Suppose @ is a profile of length m, and suppose Py, ..., P, are profiles. Then
the Q-substitution of Py,..., P, is the profile

(P1,...,Pn)o
defined as follows. Write depth(Q)) = d and rank(Q) = r.

e If d =0, then m = 1, and we define
(P1)g = P1.

e Suppose next that d > 0, and that we have defined @’-substitution for all profiles Q" of depth < d.
We can write

Q:(Q17"'7Q7‘)

where each mode @Q; = mode;(Q) has depth < d. If for each 1 <i < r, we set
l; = Ien(Pl) + -+ |en(P7;,1),

then we define
(Pry.. P = (P, s Pi)qys- o (Prog1s - Pr1)q,)-

Example 2.2.1.9. If Q = (*,%) and P; = (x, %), Py = (x, %, %),
(Pr, P2)g = ((%, %), (+, %, %)).

More generally, if Q = (x,...,x) is the profile with depth(Q) =1 and len(Q) = rank(Q) = r, then
(Pr,....,P)g=(Pr,....P)

is ordinary concatenation.
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Aside 2.2.1.10. There is an operadic interpretation of Q-substitution. The set Profile of profiles has
the structure of a (non-symmetric) operad: the set

Profile(n) = {P € Profile | len(P) = n}
forms the collection of n-ary operations of Profile, and if n = mj + - - - 4+ m,., then the structure map

Profile(my) x - - - x Profile(m,) x Profile(n) ————— Profile(my + --- + m,)

(Pr,...,B),Q (Pi,...,Pr)o

is given by @Q-substitution. One can also form the cofree symmetric operad on this non-symmetric
operad, which amounts to endowing the sets of n-ary operations with trivial symmetric group action.
2.2.2 Basic definitions
Having defined profiles and their basic properties, we can now define nested tuples.
Definition 2.2.2.1. A nested tuple X is a pair (X°, P) consisting of

1. a tuple X° = (x1,...,x,,), called the flattening of X, and

2. a profile prof (X) = P of length m, called the profile of X.

We sometimes write
X = (1‘1,...,337”)]3
to denote a nested tuple with X* = (x1,...,2,,) and profile prof(X) = P. We write Nest(Z) for the

set of all nested tuples of integers.

Example 2.2.2.2. Here are some examples of nested tuples, together with their flattening and profile.

X =(2,(2,2) X’ = (2,2,2) prof (X) = (x, (*, %))

X =25 X" = (25) prof (X) = *

X =1(((2,2,2),8),64) X" = (2,2,2,8,26) prof (X) = (((x, x, %), %), *)
X =(0,32,0),(48) X" =(32,4,8) prof(X) = ((), (+, (), (, %))

Observation 2.2.2.3. By definition, we have a pullback square

Nest(Z) —"") . profile

(_)bl - J{Ien(—)

Remark 2.2.2.4. Given the recursive definition of profiles, we could equivalently define a nested tuple
of integers to be either

1. an integer, or
2. a tuple of nested tuples of integers.

Definition 2.2.2.5. Suppose X is a nested tuple of integers.
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The rank of X is

rank(X) = rank(P)

e The length of X is
len(X) = len(P) = len(X")

e The depth of X is
depth(X) = depth(P)

e The size of X
size(X) = size(X").

Example 2.2.2.6. Here are some examples of nested tuples, together with their rank, length, depth,
and size:

X =27 rank(X) =1, len(X)=1, depth(X)=0, size(X)=27
X =(2,10,5) rank(X) =3, len(X) =3, depth(X)=1, size(X) =100
X =1(((3,4),2,2),8,9), rank(X) =3, len(X) =6, depth(X) =3, size(X) = 3096
X =0,0),(2,(5,5))), rank(X) =2, len(X) =3, depth(X)=3, size(X)=>50

Observation 2.2.2.7. An integer is precisely a nested tuple with depth 0.

Observation 2.2.2.8. A tuple is precisely a nested tuple with depth 1. If X is has depth 1, then
rank(X) = len(X).

Definition 2.2.2.9. Suppose X = (z1,...,Z,)p is a nested tuple with rank(X) =r. I 1 <i <r,
then we define the ith mode of X is the nested tuple

mOdei(X) = (xlen<i(P)+17 s 7xlen9(P))modei(P)-

Example 2.2.2.10. If
X =1((3),4,((10,10),12)),

then the modes of X are

Example 2.2.2.11. If X = (32,5,6,64), then the modes of X are

mode; (X
modey (X
(
(

modes (X
modey (X

) = 32
)=5
)=6
) = 64

It will be convenient to introduce the following notation.
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Notation 2.2.2.12. Suppose X is a nested tuple of depth > 0. For any 1 < j < rank(X), we write

len;(X) = len(mode; (X)),

lenc;(X) = Z len; (X),

len<;(X) = lenc;(X) + len;(X)

and similarly, we write
size;(X) = size(mode; (X)),
i1
size<;(X) = H size;(X), and
i=1
size<;(X) = size<;(X) - size; (X).

Definition 2.2.2.13. If X = (z1,...,Z,,)p is a nested tuple and 1 < ¢ < m, then the ith entry of X
is
entry,(X) = entry;(X") = ;.

Example 2.2.2.14. If
X =1((3),4,((10,10),12)),

then the entries of X are

entry, (X) =3
entry,(X) =4
entry;(X) = 10
entry,(X) = 10
entry; (X)) = 12.

entry, (X) = 32
entry,(X) =5
entry;(X) =6
entry,(X) =4

Observation 2.2.2.16. If X has depth 1, then mode;(X) = entry,(X) for all 1 < i < rank(X) =
len(X).

Observation 2.2.2.17. If X is a nested tuple, then the entries of X are integers, while the modes of
X are themselves nested tuples.

Definition 2.2.2.18. If X; and X, are nested tuples, we say X; and X5 are congruent, and write
X1 = X, if
prof (X;) = prof (X3).
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Example 2.2.2.19. Here are some examples of nested tuples X; and X5, and whether or not they
are congruent

X, =27 Xo =100 congruent
X1 =1(2,2) Xo = (8,64) congruent
X1 =1((4,8),(4,8)) X2 =((1,1),(5,10)) congruent
X1 = ((64,(8,8)),(25,(5,5))) X2 =1((2,(3,5)),(7,(11,13))) congruent
X, =27 X, = (100) not congruent
X1 =1(2,2) Xo = (8,64,128) not congruent
X1 =1((4,8),(4,8)) X2 =(((1,1),(5,10))) not congruent

2.2.3 Substitution
Recall that if @) is a profile of length r and Py, ..., P, are profiles, then we defined a profile
(Pr,...,P)g

called the @Q-substitution of Q. This profile is obtained from @ by replacing the ith entry of Q with
the profile P;. We can extend this to an operation on nested tuples as follows.

Definition 2.2.3.1. Suppose X1, ..., X,, are nested tuples with profiles P, ..., Pp,, and suppose @
is a profile of length m. We define the Q-substitution

(X1,..., Xm)o
of X1,...,X,, to be the nested tuple with flattening
(X1, Xm)y = Xp %% X,

and profile
(P1,...,Pn)g-
More generally, if X1,...,X,, are nested tuples and Y is a nested tuple of length m, we define

(X1, X))y = (X1, Xon)prof(v)-
Example 2.2.3.2. If (X7, X0, X3) = (64,16,4) and Q = (x, (x,)), then
(X1, X2, X3)q = (64,(32,4))

Example 2.2.3.3. If (X3, X5, X3, X4) = ((2,2),(3,3),(5,5),(7,7)) and @ = ((x,*), (*,%)), then

(X1, Xa, X3, Xa)o = (((2,2),(3,3)), ((5,5), (7, 7)))-
Example 2.2.3.4. If X = (12) and @ = *, then

(X))o = 12.
Example 2.2.3.5. If X; =2, X5 =2, X3 =(5,5), and @ = (x, %, *), then
(X1,X2,X3)0 = (2,2,(5,5)) = (X1, X2, X3).
More generally, if X1,...,X,, are any nested tuples and P = (x,...,*) then
(X1, s Xm)o = (X1,..., Xk)

is the concatenation of X1, ..., X,,.
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Aside 2.2.3.6. There is an operadic interpretation of substitutions of nested tuples. The set Nest(Z)
of nested tuples of integers is an algebra over the operad Profile, with structure maps given by
QQ-substitution:

Nest(Z) x --- x Nest(Z) x Profile(n) ——————— Nest(Z)

(X150, Xm), @ (X1, Xm)o-

2.2.4 Refinement

In this section, we introduce an important relation on nested tuples called refinement. If X and X'
are nested tuples, then X’ refines X if X may be obtained from X’ by replacing each entry of X with
some nested tuple of the same size.

More precisely, we have the following definition.

Definition 2.2.4.1. If X’ and X are nested tuples, then we say X’ refines X if either
1. X =size(X'), or
2. rank(X’) = rank(X), and for each 1 < ¢ < rank(X), mode;(X’) refines mode; (X).
If X’ refines X, we write X’ — X.
Example 2.2.4.2. Here are some examples of refinements of nested tuples.
(2,(2,2)) » 8
((2,2),(3,3),(5,5)) - (4,9,25)
(64) — 64
(8,((2,2,2),((1,4),(2,2)))) - (8,(8,8))

Observation 2.2.4.3. Refinement of nested tuples is reflexive, transitive, and antisymmetric, so
refinement specifies a partial ordering on the collection of nested tuples of positive integers.

If X’ refines X, then we can think of X’ as being obtained from X by replacing each entry x; of X
with some nested tuple X/ of size x;. We refer to the nested tuple X/ as the ith mode of X’ relative to
X. More precisely, we have the following definition.

Construction 2.2.4.4. Suppose X is a nested tuple of length m, and suppose X’ refines X. For any
1 < i < m, we define a nested tuple
X! = mode; (X', X),
called the ith mode of X’ relative to X, by the formula
X’ depth(X) =0 (hence i = ¢ =1)
mode; (X', X) = j is the 1 t int h that
( ) mode; _y (mode; (X, mode; (X)) j is the largest integer such tha
N :=len;(X) < i.

Example 2.2.4.5. If X = ((4,9),(25,36)), and X' = (((2,2), (3,3)), (25,(6,(2,3)))), then X' refines
X and the modes of X’ relative to X are

mode; (X', X) = (2,2)
mode (X', X) = (3,3)
modes (X', X) = 25
modes (X', X) = (6, (2,3))



Example 2.2.4.6. If X is any nested tuple, then X refines X, and for any 1 < i < len(X) we have
mode; (X, X) = entry,; (X).

Example 2.2.4.7. If X = X’ is a tuple, and X' refines X, then for any 1 < i < len(X), we have
mode; (X', X) = mode; (X").

Example 2.2.4.8. If X’ is a nested tuple with size(X’) = N, then X’ refines N, and the only mode
of X' relative to N is
mode; (X', N) = X".

Notation 2.2.4.9. If X’ — X is a refinement and 1 < i < len(X), then we write

len;(X’, X) = len(mode; (X', X))
leno; (X', X) Zlen (X', X)

7<4

len<; (X', X) Zlen (X', X

71<i

Definition 2.2.4.10. Suppose X’ refines X, and write X] = mode;(X’, X). Then the flattening of

!

X' relative to X is the nested tuple
flat(X', X) = (X1,...,X}).
Example 2.2.4.11. If X' = (((2,2),(3,3)),((5,5),(7,7))) and X = ((4,9), (25,49)), then
flat(X’, X) = ((2,2),(3,3), (5,5),(7,7)).
Example 2.2.4.12. If X is any nested tuple, then the flattening of X relative to X is
flat(X, X) = X”.
Example 2.2.4.13. If X = X” is a tuple, and X’ refines X, then the flattening of X’ relative to X is
flat(X', X) = X".

Example 2.2.4.14. If X’ is a nested tuple with size(X’) = N, then X’ refines N, and the flattening
of X' relative to N is
flat(X’, N) = (N).

Observation 2.2.4.15. If X’ refines X, then flat(X’, X) refines X”.

63



2.3 Layouts

Having developed the necessary background on nested tuples, we now turn our attention to layouts.

2.3.1 Basic definitions

Definition 2.3.1.1. A layout is a pair
L=S:D

consisting of a nested tuple of positive integers
shape(L) = S

called the shape of L, and a nested tuple of non-negative integers
stride(L) = D

called the stride of L, such that S and D are congruent.

Definition 2.3.1.2. If L = 5 : D is a layout, then the rank, length, depth, size, and profile of L are
defined to be the rank, length, depth, size, and profile of S, respectively.

Example 2.3.1.3. The layout
L=10:4

has rank(L) =1, len(L) = 1, depth(L) = 0, size(L) = 10, and prof (L) = *.
Example 2.3.1.4. The layout
L =(7,(2,10,4),(3,7)) : (1, (7,14, 140), (560, 1680))
has rank(L) = 3, len(L) = 6, depth(L) = 2, size(L) = 11760, and prof(L) = (x, (*, *, %), (*, %))..
Example 2.3.1.5. The layout
L=1((222,(22)):((1,0,8,(0,16)))
has rank(L) =1, len(L) = 5, depth(L) = 3, size(L) = 32, and prof (L) = ((x, *, *, (*, *))).

Example 2.3.1.6. The pair
§:D=(2(22):(1,2,4)

is NOT a layout because S and D are not congruent.

Definition 2.3.1.7. If L = S : D is a layout, then for any 1 < i < rank(L) we define the ith mode of
L to be the layout
mode; (L) = mode;(S) : mode; (D),

and for any 1 < i <len(L), we define the ith entry of L to be the layout

entry, (L) = entry,(S) : entry,(D).

64



Example 2.3.1.8. If L = ((27 2), 9) : ((37 6), 12), then the modes of L are

mode; (L) = (2,2) : (3,6)
=9:1

modes (L) 2
and the entries of L are
entry, (L) =2:3
entry,(L) =2:6
entrys(L) =9 : 12.

Remark 2.3.1.9. If L is a layout, then the modes of L are also layouts, and the entries of L are layouts
of depth 0.

Remark 2.3.1.10. A flat layout L is precisely a layout of depth 1. On the other hand, if L is a layout,
we may obtain a flat layout L as follows.

Definition 2.3.1.11. If L = §: D is a layout, we define the flattening of L to be the flat layout
L'=S:D"
Example 2.3.1.12. The flattening of L = 10: 4 is L” = (10) : (4).

Example 2.3.1.13. The flattening of

L=((22,2,(272)):((1,0,8,(0,16)))
is
L’ =(2,2,2,2,2) : (1,0,8,0,16)
Remark 2.3.1.14. Tf L is a layout then len(L) = rank(L"), and for any 1 < i < len(L), we have
entry,(L) = mode;(L’).

We can use the flattening construction above to extend many concepts from flat layouts to nested
layouts. For example:

Construction 2.3.1.15 (Layout function). If L is a nested layout, we define the layout function @,
of L by
(I)L = @Lb ;

where ®@;, is the layout function of Construction 2.1.2.18. Similarly, if N is such that Image(®r) C
[0, N), we define
oY = oh,

to be the factorization of ® through the inclusion [0, N) C Z.
Example 2.3.1.16. If L = ((2,2),2) : ((3,0),10), then the layout function of L is given by
0 1 2 3 5 6 7
L A R A A
0 3 0 3

3 10 13

—_
o i

—_
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Given a layout L, we can obtain a flat layout L°, and a profile P = prof(L). Conversely, if we are
given a flat layout L and a profile P, we can construct a layout with flattening L and profile P as
follows.

Construction 2.3.1.17. If L is a flat layout, and P is a profile with len(P) = len(L), then we can
define
L=1Lp

to be the layout with shape
shape(L) = shape(L)p

and stride
stride(L) = stride(L) p

where (—)p is the P-substitution operation of Definition 2.2.1.8.
Example 2.3.1.18. If L = (8,8,8) : (1,64,8) and P = (*, (x,x*)), then
Lp=(8,(88)),(1,(64,8)).
Example 2.3.1.19. If L = (128) : (2) and P = %, then
Lp =128:2.

Proposition 2.3.1.20. If L' is a flat layout and P is a profile with len(L’) = len(P), then there exists
a unique layout L whose flattening is L° = L' and whose profile is prof (L) = P, namely L = L'y.

Proof. This follows from Proposition ?7. O
Observation 2.3.1.21. The previous proposition tells us that we have a pullback square

Layouts L(_)> Profile

(,)bl - llen(f)

FlatLayouts T(*)) N

2.3.2 Basic operations
2.3.2.1 Flattening
We repeat the definition of flattening given in the previous section.
Definition 2.3.2.1. If L = S : D is a layout, we define the flattening of L to be the flat layout
L'=5:D".
Example 2.3.2.2. The flattening of L = 10: 4 is L” = (10) : (4).
Example 2.3.2.3. The flattening of
L= ((2.2,2,(2,2)) : ((1,0.8,(0,16)))

is
L’ =(2,2,2,2,2) : (1,0,8,0,16).

Example 2.3.2.4. Suppose L is a layout. Then depth(L) = 1 if and only if L = L”.
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2.3.2.2 Concatenate

Definition 2.3.2.5. If L =S : D and L' = S’ : D’ are layouts, then the concatenation of L and L' is
the layout (L, L")
(L, 1)) = (5,8) : (D, D).

More generally, if L1, ..., L is any finite collection of layouts, with L; = .S; : D;, then the concatenation
of Ly,..., Ly is the layout

(L1,...,Lk):(51,...,sk) : (D17...7Dk).

Remark 2.3.2.6. As noted in Remark ??, concatenation of nested tuples (and hence of layouts) is not
associative. For example, take L1 =3:4, Ly =2:2, and L3 =5:1. Then

(le(L27L3)) = (3’ (275)) : (4’ (271)) 7é ((332)75) : ((4a2)71) = ((L15L2)7L3)'

Moreover, neither of these layouts is equal to the “three-fold” concatenation (L1, L2, L3) = (3,2,5) :
(4,2,1). However, we see that each of these layouts has the same flattening, so each of these layouts
has the same layout function.

Example 2.3.2.7. If L = (3,7,2) : (1,3,6) and L' = (2,(2,(4,3))) : (5,3,(2,2)), then
(L, L) = ((3,7,2),(2,(2,(4,3)))) = ((1,3,6), (5, (3,(2,2))))
Remark 2.3.2.8. Concatenation increases the depth of layouts. More precisely, we have
depth(L, L’) = 1 + max(depth(L), depth(L")).

Remark 2.3.2.9. When L and L' are flat layouts, the concatenation of Definition 2.3.2.5 does NOT
agree with the concatenation of flat layouts of Definition 2.1.3.36. Instead, these operations are related

by the formula
L-L'=(L,L").

Remark 2.3.2.10. If L is any layout with depth(L) > 0, then we may write
L = (modei(L),. .., modernk(r)(L))
as the concatenation of its modes.
Example 2.3.2.11. If
L=((5,(7,7),2,(4,5) : (1,(35,5)),0,(1,8))
then L = (L1, Lo, L3) where

Ly = (5.(7.7)) : (1,(35.5)).
Ly =2:0, and
Ls=(4,5):(1,8).
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2.3.2.3 P-substitution

Recall that if X7, ..., X} are nested tuples and P is a profile with len(P) = k, then we may form the
P-substitution
(X1,...,XK)p

which is obtained by replacing the ithe entry of P with the nested tuple X;. We can extend this
construction from nested tuples to layouts as follows.

Definition 2.3.2.12. Suppose L = S : D is a layout, and suppose P is a profile with len(P) = rank(L).
We define
LP == SP : Dp

where Sp and Dp are the P-substitutions of (the modes of) S and D.
Example 2.3.2.13. If P = (x,(%,%)) and L = (8,8,8) : (1,8,64), then

Lp= (87 (87 8)) : (17 (8764))
Example 2.3.2.14. If P = (x, (%, *))) and

L

((2,2),(3,3),(5,5)) : ((2,1), (12,4), (180, 36)),
then

Lp=1((2,2),((3,3),(5,5))) : ((2,1),((12,4), (180, 36))).
2.3.3 Coalesce

Recall that if L is a flat layout, then coalb(L) is a the unique flat layout of minimal rank whose layout
function is ®;,. We can make a similar construction in the setting of arbitrary (nested) layouts. We
begin by defining the notion of a coalesced layout.

Definition 2.3.3.1. Suppose L is a layout. We say L is coalesced if
1. depth(L) =0, or
2. depth(L) =1, rank(L) > 1, and L is coalesced in the sense of Definition 2.1.4.1.

Example 2.3.3.2. The layout
L=1(2,(2,2):(1,(16,512))

is not coalesced since depth(L) > 1.

Example 2.3.3.3. The layout
L=(64):(1)

is not coalesced, while the layout
L'=64:1

is coalesced.

Example 2.3.3.4. By definition, the empty layout

E=(:0

is not coalesced.
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If L is any layout, we can obtain a coalesced layout coal(L) as follows.

Construction 2.3.3.5. Suppose L is a layout, and write
coal’ (L%) = (s1,. .., 8m) : (d1, ..., dpm).

1. fm=0,s0 L=():(), we define
coal(L) =1:0.

2. If m =1, we define
coal(L) = s1 : dy

3. If m > 1, we define
coal(L) = coal’(L”).

Example 2.3.3.6. By definition, if L = () : (), then

coal(L) =1:0.
Example 2.3.3.7. If L = (512) : (4), then

coal(L) =512 : 4.

Example 2.3.3.8. If L =(2,2,2) : (1,2,4), then

coal(L) =8:1.
Example 2.3.3.9. If L = ((2,2,2), (5,5)) : ((1,2,4), (10,50)), then

coal(L) = (8,25) : (1,10).

Remark 2.3.3.10. If L is a layout, then coal(L) has depth 0 or 1.

Proposition 2.3.3.11. If A and B are layouts, then ® 4 = @ if and only if coal(A) = coal(B).

Proof. Using Proposition 2.1.4.18, we have

Py =dp = CI)Ab = (I)Bb
& coal’(4”) = coal’ (B)

< coal(A4) = coal(B).

Definition 2.3.3.12. If L is a layout, define the complezity of L to be the integer
complexity(L) = len(L) + depth(L).

Proposition 2.3.3.13. If L is a layout, then either coal(L) =1 : 0, or coal(L) is the unique complexity
minimizing layout whose layout function is Oy, .

Proof. Suppose L' is a layout with the same layout function as L, and suppose coal(L’) # 1 : 0. Then
len(L") > len(coal(L")) = len(coal(L)).

There are two cases to consider.
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o (Case 1): Suppose len(L’) > 1. Then depth(L’) > 1 > depth(coal(L)). Combining these
inequalities, we observe that

complexity(L') > complexity(coal (L)),
where equality holds if and only if L' = coal(L’) = coal(L).

o (Case 2): Suppose len(L') = 1. Then L' = (s) : (d) or L’ = s : d for some integers s > 1 and
d > 0. Then coal(L') = s : d, and

complexity(L') > complexity(coal(L))
where equality holds if and only if L' = s : d = coal(L).
O

Remark 2.3.3.14. The only reason that we need to exclude the case coal(L) = 1:0 is that if L is a
layout with coal(L) =1 : 0, then coal(L) and the empty layout () : () are distinct layouts with minimal
complexity, and the same layout function as L.

2.3.4 Relative coalesce

Next, let’s define the relative coalesce operation.

Definition 2.3.4.1. Suppose L = S : D is a layout, and suppose S is some nested tuple of length m
which is refined by S. Recall that for any 1 <4 < m, we may consider the ith mode of S relative to S,
denoted

mode; (S, S).

Since S and D are congruent, there is a nested tuple
mode;(D, S)
corresponding to mode; (S, S), and we define the ith mode of L relative to S to be the layout
mode; (L, S) = mode;(S, S) : mode;(D, S).
Example 2.3.4.2. If S = (4,(9,25)) and
L =((2,2),((3,3),(5,(1,5)))) : ((1,2), ((6,18), (90, (0,450))))

then
mode; (L, S) = (2,2) : (1,2)
modey (L, S) = (3,3) : (6,18)
modes (L, S) = (5, (1,5)) : (90, (0,450)).

Observation 2.3.4.3. Suppose L = S : D is a layout, and suppose S is a nested tuple of length m
and profile P which refines S. If for any 1 < i < m, we write

L; = mode;(L, S),

then
L=(Ly,...,Ln)p

is the P-substitution of its relative modes.
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Definition 2.3.4.4. Suppose L = S : D is a layout, and suppose S is a nested tuple of length m and
profile P which is refined by S. We say L is coalesced over S if each relative mode

mode; (L, S)
is coalesced.

Definition 2.3.4.5 (Relative coalesce). Suppose L = S : D is a layout, and suppose S is a nested
tuple of length m and profile P which is refined by S. We define

coal(L, S) = (coal(Ly), . ..,coal(L,))p.
Remark 2.3.4.6. In the setting of Definition 2.3.4.5, the shape of coal(L, S) refines S.
Lemma 2.3.4.7. If S refines S and L = S : D is a layout, then

(I)coaI(L,S’) =or.

Proof. As above, let
Li = modei(L, S)

denote the ith mode of L relative to S, and set L; = coal(L;). Then

Peoal(L,5) = Poub(5,(L1,, L))
= Qin(5,(Les L))
= (b(il’m’im)b
= Peoal((Ly,,Lm)?)
= Qegal(Lys L))
= Deoal(L1,eos L))
= Peoal((L1,..,Lm)?)
= P gai(sub(S,(L1,.osLm))?)
= P gai(sub(5,(L1,.os L))
= Deoal(r)
=®;.
O]

Proposition 2.3.4.8. Suppose A and B are layouts, and suppose S is a nested tuple of length m such
that shape(A) refines S and shape(B) refines S. Then ® 4, = ®p if and only if

coal(A, S) = coal(B, S)
Proof. If coal(A, S) = coal(B, S), the using Lemma 2.3.4.7, we have
Py = (I)coal(A,S') = (I)coaI(B,S') =0p.

Conversely, suppose that ® 4, = ®. We will argue that coal(A, S) = coal(B, S). Set P = prof(S), and
for any 1 < i < m, set



Since
coal(A, S) = S, (coal(A;),...,coal(A,,))p

and
coal(B, S) = (coal(By),...,coal(B,,))p

it suffices to prove that coal(4;) = coal(B;) for all 1 < i < m. By the associativity of colexicographical
isomorphisms, we can write the layout function ® 4 of A as

_ ®
[0, size(A)) —<=" T[™ | [0,size(4;)) Mo, mL—r sz
and we can write the layout function ®p of B as
_ Dp,
[0, size(B)) —<e" [T, [0,size(B;)) H—B> N, z———z
For a fixed 1 < i < m, consider the subset
[0, size(A H [0, size(A

and its image
colex([0, size(A4;))) C [0, size(A)).

Since size(A;) = size(B;) for all 1 < j < m, this is the same as the image
colex([0, size(B;))) C [0,size(B)) = [0, size(B)).

The restriction of ® 4 to this subset is @ 4,, and the restriction of B to this subset is ®p,, so it follows
that ® 4, = ®p,, and by Proposition 2.3.3.11, we have coal(A;) = coal(B;). We deduce that

coal(4, S) = coal(B, S),

as desired. 0

2.3.5 Compact layouts
We can easily extend the concept of compact layouts to the nested case as follows.
Definition 2.3.5.1. Suppose L is a layout. We say L is compact if the layout function
@571 . [0, size(L)) — [0, cosize(L))
is an isomorphism.
Example 2.3.5.2. The following layouts are compact:
L1 (2,(2,2)) : (8,(1,4))

= ((8,1),(8,32)) : ((2,0), (16,128))
L3 =64:1

Example 2.3.5.3. The layout
L=1(2,(2,2):(4,(8,16))

is not compact since the integer 1 € [0,29) = [0, cosize(L)) is not in the image of ®;,. More generally,
if size(L) # cosize(L), then L is not compact.
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Proposition 2.3.5.4. Suppose L is a layout. Then the following conditions are equivalent.
1. L is compact.
2. L is compact.
3. coal(L) is compact.

Proof. The equivalence of these conditions follows from the fact that

QL =y = (I)coal(L)-

2.3.6 Complements
We can easily extend the concept of complement to the nested case as follows.

Definition 2.3.6.1. Suppose L is a layout. We say a layout L’ is a complement of L if the layout
(L, L") is compact.

Lemma 2.3.6.2. Suppose L and L' are layouts. Then L' is a complement of L if and only if (L')" is
a complement of L.

Proof. This follows from the observation that (L, L’)* = L” x (L')’. O
Definition 2.3.6.3. Suppose L is a layout. We say L is complementable if L’ is complementable.

Lemma 2.3.6.4. Suppose L is a layout. Then there exists a complement L' of L if and only if L is
complementable.

Proof. If L is complementable, then L is complementable, so there exists a flat layout L’ such that the
flat concatenation L’ x I/ is compact. It follows that the concatenation (L, L’) is also compact, so L
admits a complement. Conversely, suppose there exists a layout L’ such that (L, L’) is compact. Then
(L')* is a complement of L, so by Proposition 2.1.6.21, L’ is complementable, hence, by definition, so
is L. O

Definition 2.3.6.5. Suppose L is a layout. If L is complementable, then we define
comp(L) = coal(comp®(L")),
as in Construction 2.1.6.16. If N is a positive integer and L is N-complementable, then we define
comp(L, N) = coal(comp’(L"))
as in Construction 2.1.6.29.

Remark 2.3.6.6. Suppose L is a complementable layout. Then we almost always have comp(L) =
comp”(L"). More precisely, if comp®(L?) has length > 1, then

comp(L) = comp®(L*),
if comp®(L®) = (s) : (d) has length 1, then
comp(L) = s : d,
and if comp®(L®) = () : (), then
comp(L) =1:0.
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Definition 2.3.6.7. Suppose L is a layout and N is a positive integer. We say a layout L’ is a
N-complement of L if L' is a complement of L, and

size(L) - size(L') = N.

Definition 2.3.6.8. Suppose L is a layout and NNV is a positive integer. We say L is IN-complementable
if the flat layout L’ is N-complementable, as in Definition 2.1.6.24.

Proposition 2.3.6.9. Suppose L is a layout. Then there exists a N-complement of L if and only if L
is N -complementable.

Proof. If I is a N-complement of L, then (L)” is a N-complement L”, and so by Proposition 2.1.6.32,
L’ is N-complementable, hence, so is L. Conversely, if L is N-complementable, then comp(L,N) is a
N-complement of L. O

Example 2.3.6.10. If L = ((4,2),(2,2)) : ((3,24),(192,96)) and N = 576 then
comp(L, N) = (3,2,2,2) : (1,12,48,384).
Example 2.3.6.11. If L = ((16,4),64) : ((1,16),64) and N = 4096 then

comp(L, N) = coal(() : ()
=1:0.

Example 2.3.6.12. If L = ((16,4),64) : ((1,16),64) and N = 8192 then

comp(L, N) = coal((2) : (4096))
= 2:4096.

Example 2.3.6.13. If L = ((16,4),64) : ((8,1),128) and N = 16384, then

comp(L, N) = coal((2,2) : (4,8192))
=(2,2) : (4,8192).

2.3.7 Composition

In this section, we discuss the most important operation on layouts, namely composition. If A and B
are layouts, then the composition of A and B is a layout B o A whose layout function is the composite
of the layout functions of A and B. More precisely, we have the following definition.

Definition 2.3.7.1. [Composition of layouts] Suppose A and B are layouts. The composite of A and
B is the unique layout B o A satisfying the following properties.

1. shape(B o A) refines shape(A),
2. Bo A is coalesced over shape(A), and
3. Bpos = Do &P,
Remark 2.3.7.2. In order for B o A to exist, we must have

Image(®,4) C [0,size(B)).
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Remark 2.3.7.3. There is an implicit assertion in the definition of layout composition, namely that
there is at most one layout satisfying the three conditions. This is justified by Proposition 2.3.4.8. We
might define a weak composite of A and B to be a layout C' satisfying conditions 1. and 3. (but not
necessarily 2.), in which case

B o A = coal(C, shape(A))

We will see later on that when attempting to compute compositions of layouts, it is useful to compute
any weak composite C' of A and B, then coalesce over shape(A) to form the actual composite B o A.

Example 2.3.7.4. If A = (3,5) : (10,2) and B = (100) : (7), then
BoA=(3,5):(70,14).

Example 2.3.7.5. If A = (4) : (2) and B = (2,2,6) : (12,6, 1), then the composition of A and B is
BoA=((2,2):((6,1)).

Remark 2.3.7.6. Example 2.3.7.5 illustrates the fact that the composition of flat layouts A and B need
not be flat.

Example 2.3.7.7. If A = ((2,4),8) : ((4,8),8) and B = (4,4,4,4) : (2,4,8,16), then
BoA=((2(22)),(24):((4,(838)),(88)).
Example 2.3.7.8. If A = ((3,(2,2)),24) : ((3,(9,18)),72) and B = (9,8, 3,8) : (24,3,1,384) then
BoA=((3,(22)),(338)):((72,(3,6)), (1,384))

Next, we develop some useful properties for computing the composition of layouts.
Proposition 2.3.7.9. Suppose A is a layout, and suppose B and B are layouts such that

o size(B) < size(B), and

o O3 lsize()= PB.

If A and B are composable, then
BoA=DBoA.

Proof. Suppose A and B are composable. Then cosize(A) < size(B), and the fact that B o A is the
composite of A and B follows from the equality
D50 8T = (@) lue(m) 08T
— Py

ize(B)
o <I>Ze .
[

Corollary 2.3.7.10. If A and B are layouts, then A and B are composable if and only if A and
coal(B) are composable, and

Bo A = coal(B) o A.

(0]



2.3.8 Logical division

In this section, we define the logical division of layouts. As a motivating example, consider the layout

0 4 8 12 16 20 24 28

1 5 9 13 17 21 25 29
A=(4,8):(1,4) =

2 6 10 14 18 22 26 30

3 7 11 15 19 23 27 | 31

For various purposes, we may want to tile the layout A. For example, here are the tilings of A by
various layouts B.

0 4
B =

1 5

0 4 8 12
B =

2 6 10 14

0 4 16 | 20
B =

2 6 18 22
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When working with such tiled layouts, we would like to index into our layout with coordinates
of the form (tile_coordinate,tile) where tile specifies which tile we are working with, and
tile_coordinate specifies a coordinate within the specified tile. For example, if both A and B have
rank 2, we would like to write ((4,7), (k, £)) as the index of the (i, j)th entry of the (k,¢)th coordinate
of A. The logical division of A @ B is precisely the layout which affords us this ability.

Definition 2.3.8.1. Suppose A and B are layouts, and suppose
B¢ = comp(B, size(A))
is the complement of B with respect to size(A). Then the logical division of A by B is the layout

A@B=Ao(B,B°
= (Ao B, Ao B°).

Example 2.3.8.2. If A = (4,8) : (1,4) and B = (2,2) : (1,4), then
AoB= ((27 2)7 (27 4)) : ((174)7 (27 8))7

as depicted below.

8 12
9 13 0 4
A = B =
2 6 10 14 1 )

0 2 8 10 16 18 24 26

1 3 9 11 17 19 25 27
Ao B=

4 6 12 14 20 22 28 30

Remark 2.3.8.3. The color of each entry in A @ B indicates the tile to which it belongs, and the opacity
of each entry in A @ B indicates which entry of the tile it represents. This is why each column of
A @ B has the same color, and each row of A @ B has the same opacity.

Example 2.3.8.4. If A= (4,8) :(1,4) and B = (2,2) : (4,1), then
AoB= ((27 2)7 (2, 4)) : ((47 1>7 (27 8))7

as depicted below.

7



0 2 8 10 16 18 24 26

4 6 12 14 20 22 28 30

Ao B=
1 3 9 11 17 19 25 27

Remark 2.3.8.5. Note the difference between the previous two examples. The tiling of A in each of
the two examples is identical, but the layout of each tile is different. In first example, the tiles have
column-major layouts, while in the second example, the tiles have row-major layouts. This results in
different layouts when one performs logical division.

Example 2.3.8.6. If A= (4,8):(1,4) and B =(2,4) : (2,4), then
Ao B=1((2,4),(2,2)):((2,4), (1,16)).
Example 2.3.8.7. If A = (4,6) : (1,40) and B =6 : 4, then
Ao B=(6,4):(40,1).
Example 2.3.8.8. If A= (4,6,2,4,2,5) : (36,1,18,0,0,144) and B = (4,10) : (1,192), then
Ao B=1(((4,(2,5)),(6,2,4)) : ((36,(0,144)), (1,18,0))
Example 2.3.8.9. If A= (8,(4,4)) and B = (2,(8,16)), then

Ao B=((2,2),(2,4,4)) : (4,8),(2(8,16))).

2.3.9 Logical product

The logical product of layouts is also defined entirely in terms of concatenation, complements, and
composition.

Definition 2.3.9.1. Suppose A and B are layouts, and suppose
A® = comp(A, size(A) - cosize(B))

is the complement of A with respect to size(A) - cosize(B). Then the logical product of A and B is the
layout
A® B = (A, A0 B).
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Observation 2.3.9.2. By Proposition 2.3.7.9 and Proposition 2.3.7.10, if we let
A° = comp(4, N)

for any valid N > size(A) - cosize(B), then
A°oB = A°0 B.

This means that when computing A® B, we can take A€ to be any sufficiently large (sorted) complement
of A.

Example 2.3.9.3. If A= (2,2):(5,10) and B = (3,5) : (5,1) are the layouts

10 11 12 13 14

then A ® B is the layout
A® B =((2,2),(3,5)) : ((5,10), (20,1))

as depicted below.

0 20 40 1 21 41 ) 22 42 3 23 43 4 24 44

5 25 45 6 26 46 7 27 47 8 28 48 9 29 49

10 30 50 11 31 o1 12 32 52 13 33 53 14 34 54

15 35 %) 16 36 o6 17 37 57 18 38 58 19 39 99

Example 2.3.9.4. If A= (3,3): (6,1) and B = (10,12) : (24,2), then
A® B =((3,3),(10,12)) : ((6,1), (216, 18)).
Example 2.3.9.5. If A= (2,10) : (1680,4) and B = (4,9) : (2,56), then
A® B=((2,10),((2,2),(3,3))) : ((1680,4), ((2,40), (560,3360))).
Example 2.3.9.6. If A= (4,(2,2)): (9, (1,3)) and B = ((2,4),8) : ((1,4),2), then

A®B=1((4,(2,2)),((2,4),8)) : ((9,(1,3)), ((36,144), 72)).
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2.3.10 Tractable layouts

In this section we define an especially well-behaved class of layouts, called tractable layouts. We will
see that tractable layouts are precisely the layouts which arise from a certain category Nest.

Definition 2.3.10.1. We say a layout L is tractable if the flat layout L’ is tractable, in the sense of
Definition 2.1.10.1. Explicitly, L is tractable if the flat layout

sort(L”) = (s1,...,8m) : (d1,...,dpm)
is such that for each 1 < i < m, we have
1. d; =0, or
2. s;d; divides d;1.

Example 2.3.10.2. The layout

L=(((12))) : ((17)))

is tractable. More generally, any layout L of length 1 is tractable.

Example 2.3.10.3. The layout
L=1((2,4),32):((1,2),8)

is tractable. More generally, any column-major layout is tractable.
Example 2.3.10.4. The layout
L=1(2,(4,32)) : (128,(32,1))
is tractable. More generally, any row-major layout L is tractable.
Example 2.3.10.5. The layout
L=1((3,3),(1,3),(3,1,3)) : ((81,1),(0,8),(3,0,27))
is tractable. More generally, any compact layout is tractable.

Example 2.3.10.6. The layout
L=1((3,7,7)): ((0,15,0))

is tractable. More generally, any layout with exactly one non-zero stride entry is tractable.

Example 2.3.10.7. The layout
L= (2,(2,(2.2))) : (1, (2048, (16, 64))

is tractable. More generally, any complementable layout is tractable.

Example 2.3.10.8. The layout

L= ((Sv 8)7 (57 5)) : ((8’ 1)7 (107 2))

is not tractable. In particular, this shows that the concatenation (L1, La) of tractable layouts L; and
Lo need not be tractable.
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Chapter 3

Categories of layouts

Having thoroughly explored the algebra of layouts, we now turn our attention to the mathematical
heart of this work: realizing layouts as morphisms in suitably-defined categories. Along the way, we
develop a graphical calculus of layout diagrams that affords more straightforward computation of layout
operations.

3.1 The category Tuple

In this section, we define a category Tuple whose objects are tuples of positive integers, and whose
morphisms we call tuple morphisms. Each tuple morphism f : S — T encodes a flat layout L;.
Composition of tuple morphisms is compatible with layout composition, in that if f and ¢ are

composable tuple morphisms, then
Lgof = Lg (e] Lf.

We define a realization functor (Construction 3.1.4.4)
|- | : Tuple — FinSet
which recovers the layout function of Ly via the formula
=3,

We develop an “algebra of tuple morphisms” which includes operations such as sort (Section 3.1.5.3),
coalesce (Section 3.1.5.4), complement (Section 3.1.5.6), concatenate (Section 3.1.5.5), flat division
(Section 3.1.5.7), and flat products (Section 3.1.5.8), which are compatible with the corresponding
operations on flat layouts.

3.1.1 Basic definitions

Definition 3.1.1.1. Let Fin, denote the category whose objects are the pointed finite sets
<m>* = {*,1,2,...,7)1}

for m > 0, and whose morphisms « : (m), — (n), are functions satisfying a(x) = *. We call these
morphisms pointed maps, or simply maps.

Aside 3.1.1.2. Fin, is a skeleton of the category FinSet, of finite pointed sets.
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Notation 3.1.1.3. If the codomain of a pointed map « : {(m), — (n). is understood, we sometimes

write

as a tuple of length m with entries in (n).,.

Example 3.1.1.4. There is a morphism « : (4), — (6), in Fin, given by
o = (27 ]‘) *76)7

which we can visualize using the following diagram.

e
e

Note that the bullet corresponding to entry 3 does not support an arrow, reflecting the fact that it
gets sent to *.

Example 3.1.1.5. There is a morphism 53 : (5). — (3), in Fin, given by
B:(*’]"2,37*) K

which we can visualize using the following diagram.

i

Example 3.1.1.6. For any m > 0, there is a unique morphism in Fin, of the form 7 : (m). — (0).,
namely
= (%,...,%).
Example 3.1.1.7. For any n > 0, there is a unique morphism in Fin, of the form § : (0). — (m).,
namely
0=).
Aside 3.1.1.8. The category Fin, is the category of operators for the commutative operad, so we

sometimes write

Fin, = Comm®.

We are especially interested in ¢ractable morphisms in Fin,, which we define below.

Definition 3.1.1.9. We say a pointed map « : (m), — (n), is tractable if for any j € (n) C (n),, the
preimage o~ 1(j) is empty or consists of a single element.
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Example 3.1.1.10. The maps

.

o—— o
ay a2 as

A

Sl

are tractable, while the maps

J
Vi

are not tractable

Remark 3.1.1.11. If we represent a morphism « : (m), — (n). in Fin, as a tuple, i.e.

then « is tractable if and only if no positive integer occurs more than once in a.

Aside 3.1.1.12. The wide subcategory
ES@ C Comm® = Fin,
on the tractable pointed maps is the category of operators for the Ey operad.
Definition 3.1.1.13. Let Tuple denote the category whose objects are tuples
S =(51,--+,8m)
of positive integers, where a morphism
Fio(styeeysm) = (t1,. -0 tn)
is specified by a tractable pointed map « : (m). — (n), satisfying the property that
o if 1 <i<mand i) # *, then s; = L4 -
We say that such a morphism f lies over «, and refer to f as a tuple morphism.

Notation 3.1.1.14. If f : (s1,...,8m) — (t1,...,t,) is a tuple morphism which lies over «, then we
sometimes depict f as
f
($15+38m) ———> (t1,...,tn).

The graphical calculus of layouts we develop is based on the natural visualizations of morphisms in
Tuple, as exemplified below.

83



Example 3.1.1.15. The tuple morphism

(3,128,128) Tf@’ (3,2,128,2,128)

can be visualized using the following diagram.

128

e
128 128
128 — 2
33— 3

f

Example 3.1.1.16. The tuple morphism

(3,128,128) (—Zl)> (128,128)

can be visualized using the following diagram.

128
128 Aﬁ 128
3 128

g
Example 3.1.1.17. The tuple morphism
(16,16, 16,1, 32) (**—T*2)> (16,32,1,1)
can be visualized using the following diagram.
32
1 1
16 1
16 32
16 16
h

Observation 3.1.1.18. We can relate the category Tuple to some well-known operads as follows. Let
Z‘i‘(’) denote the poset of positive integers under division, considered as a symmetric monoidal category
with product given by multiplication of integers. Let (Z‘i‘{))"8 denote the category of operators of Z‘ﬂ‘().
Then there are evident functors
Tuple — (Z&})®,
and
Tuple — EJ,

such that the diagram
Tuple —— (ZdY)®

! |

EY —— Comm®
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commutes. This exhibits Tuple as the wide subcategory of the pullback operad
Tuple C EF X comme (2%)”

on the morphisms
(8152 8m) — (t1,- - 1)
satisfying
a(i) #1 = s =ty

3.1.2 From tuple morphisms to flat layouts

The impetus for working with the category Tuple is that each tuple morphism f encodes a flat layout L.
Moreover, each tractable layout L gives rise to a tuple morphism fr,. We prove as Proposition 3.1.2.10
that these constructions are in some sense inverses, and that tractable layouts are precisely those
encoded by tuple morphisms.

Construction 3.1.2.1. Suppose
(81y.cvySm) +) (t1y. . ytn)
is a tuple morphism. We define L to be the flat layout whose shape
shape(Ly) = (s1,...,5m)
is the domain of f, and whose stride
stride(Ly) = (d1, ..., dm)

is defined by the formula

d - {O i) = *
[Lca@yti ali) # =

We refer to L as the layout encoded by f or the layout associated to f.

Example 3.1.2.2. The tuple morphism

128
e
128 128
128 — 2
33— 3

f
of Example 3.1.1.15 encodes the layout
Ly =(3,128,128) : (1,6, 1536).

Note that computing the stride via the formula in Construction 3.1.2.1 amounts to following the arrow
from a specific shape entry to its target entry and multiplying together all entries below that one
(taking the empty product to equal 1).
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Example 3.1.2.3. The tuple morphism

(3,128, 128) (—‘271)> (128,128)

of Example 3.1.1.16 encodes the layout
Ly =(3,128,128) : (0,128,1).
Example 3.1.2.4. The tuple morphism

(16,16, 16,1, 32) (—’112)> (16,32,1,1)

of Example 3.1.1.17 encodes the layout
Ly = (16,16,16,1,32) : (0,0, 1,0, 16).

We have seen how to compute the flat layout Ly encoded by a tuple morphism f. On the other
hand, if L is tractable, then we can go in the other direction, constructing a tuple morphism f which
encodes L. Recall from Definition 2.1.10.1 that a flat layout L is tractable if

sort(L) = (81, -+, 8m) : (d1,...,dm)

satisfies the following property:

If 1 <i < m, then d; = 0, or s;d; divides d;;1.
Construction 3.1.2.5. Suppose L = (s1,...,8m) : (d1,...,dy) is tractable, and set
Sort(L) = (1, .+, ) < (-,

so there is some permutation o € X, such that sort(L) = L7. In other words, s; = s,(;) and d; = dy;)
for each 1 < ¢ < m. If each dg is nonzero, then let k = 0. Otherwise, let k£ be the largest integer such
that dj, = 0. Let £ = 2(m — k), and let

! U !/
t/ t, _ ! / dlc+2 ! dk+3 dm !
(t, . ty) = ( disys Sha1s 7 » Sk+2) d g »Sm | -
Sktr1%% 11 Skt20)y2 Sm—10m—1
We define
/. / /
fro (81, y8m) = (81, ..., t7)

to be the tuple morphism lying over the map « : (m), — (£). given by
(i) = {* 7k
20071(@) — k) k+1<o71(i) <m.
Let J = {j1 <--- < jn} C (£) denote the collection of indices such that j; is even or ¢;, # 1. Let
(tryeeotn) = ()0 t5),

and let ¢ : (n), — (£). be the inclusion map i — j;. Then by construction, the map o’ factors as
o' = 1o «a, and we define the standard representation of L to be the tuple morphism

(817...,Sm) f—aL) (t17~-~>tn)-
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Example 3.1.2.6. If
L =1(2,2):(3,30),

then L is tractable, and the standard representation of L is the tuple morphism
2 /
0

fr

W N Ot N

Note that, informally, computing f; via Construction 3.1.2.5 amounts to

o initializing the codomain as (),

e traversing the non-zero strides of L in increasing order,

o if d; is the current stride, and d; is the previously visited stride, appending
— (s;) if s;d; = d;, or
— (%,sj) if s;d; < dj,

and
e mapping s; > S;.

Example 3.1.2.7. If
L =1(128,128) : (128,1),

then L is tractable, and the standard representation of L is the tuple morphism

128 128

128 — 128
fr

Example 3.1.2.8. If
L=(2,2,2,2):(24,0,3,480),

then L is tractable, and the standard representation of L is the tuple morphism

/
<

fr

2
10

NN
W N NN

Let’s justify that the tuple morphism f;, of Construction Construction 3.1.2.5 does, in fact, encode
the layout L.
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Lemma 3.1.2.9. Suppose L is a tractable flat layout, and f = fr, is the standard representation of L.
Then the layout encoded by f is
Ly=L.

Proof. Suppose L = (81,...,8m): (d1,...,dn) is tractable, and let

f
a

(51,...,Sm) <t17~-~>tn>

be the standard representation of L. Clearly
shape(Ly) = (s1,...,8m) = shape(L).

We need to check that stride(Ls) = stride(L). In other words, we need to check that for any 1 <i < m,

we have

0 i) =

d; = { O‘(?) *

[lica@ti @) # .
We borrow the notation of Construction 3.1.2.5. If a(i) = *, then /(i) = *, and so o~*(i) < k. This
implies

4 _

di —_— do'_l(i) —_— 0.

Suppose otherwise that a(i) # *. Then o/(i) # *, and so k + 1 < ¢71(i) < m. We compute

ot (i) = (k+1) do
H t]_ H t/— H t/— H t;/:d9€+1 H ;C-&-U%
j<a(d) J <a (@) 3’ <a’(3) 3'<2(e 71 (i)—k) v=l Tt
t,#1
7
= o103
=d;.

O

We have proved that if L is a tractable flat layout, then there exists a tuple morphism f which
encodes L. Next, we prove the converse, which implies that tractable flat layouts are precisely the
layouts encoded by tuple morphisms.

Proposition 3.1.2.10. Suppose L is a flat layout. Then there exists a tuple morphism f encoding L
if and only if L is tractable.

Proof. First, suppose L is a flat layout, and f : (s1,...,8m) = (t1,...,t,) is a tuple morphism with
Ly = L. We want to show that Ly is tractable. Let
sort(L) = (s),...,80,) : (d1,...,dn)

be the sorting of L, and suppose that 1 < i < m. We will argue that d; = 0, or s;d; divides d;41. If
d; = 0, then we are done. Suppose otherwise that d; # 0. Then

di =[]t
i<k
for some 1 < k < n with s, = ¢;. Since d;11 > d;, we know that d;11 # 0, so d;;1 has the form
z+1 H t;
j<t

for some 1 < ¢ < n. There are two cases to consider:
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o (Case 1) If £ > k, then

di+1:Htj: Htj H tj | = sid; H ]

i<t j<k k<j<t k<j<t
so std; divides d; 1.

o (Case 2) If £ < k, then since

Htj =diy1 > d; = Htgy

<t i<k

we must have

and
dit1 = d;.

In particular, we have sj,;, = t, = 1. But since sort(Ly) is sorted and di;1 = d;, we have
s; < sj.1 = 1,50 s; = 1. We deduce that

/
$id; = diy,
so in particular, sid; divides d;;1.

We conclude that L is tractable.
Next, suppose that L is tractable. Then we can take f = fr, to be the standard representation of L
(see Construction 3.1.2.5), in which case, by Lemma 3.1.2.9, we have L = L. O

Remark 3.1.2.11. It is important to note that there are many different tuple morphisms which give
rise to the same layout. For example, each of the tuple morphisms shown below
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B
IS
N

m\x\

OIS T S S S

AN
AU

encodes the layout
Ly=1Ly=Ly=(4,4,4) : (14,56, 5600).

Among these, f is the simplest: There are no extraneous entries lying above the image of f (unlike g),
and the entries not hit by f are condensed (unlike k). To make precise the simplicity of f among these
morphisms, we introduce the notion of standard form.

Definition 3.1.2.12. Suppose

(51 s 8m) ———— (t1,... ,tp)

is a tuple morphism. We say f has standard form if the following conditions hold:

89



1. If n > 1, then n € Image(«).

2. If 1 <j < mn, then
t; #1, and

i & | =
7 ¢ Image(a) j+1 € lImage(a)

Example 3.1.2.13. The tuple morphisms f of Remark 3.1.2.11 has standard form, while g and A do
not.

Example 3.1.2.14. The tuple morphisms

64
/ 2 128
64 64 128 — 512
64 74 64 128 128
§— 8 64 2 8 3
fi f2 f3
have standard form, while the tuple morphisms
64 6
2 128
64 / 256
64 i 1 128 2
8 64 64 128 128
8 — 1 64 2 128 — 3
g1 92 93

do not.

Example 3.1.2.15. If L is a tractable layout, then by construction, the standard representation fj, of
L has standard form.

If we restrict to tuple morphisms of standard form, then there is almost a one-to-one correspondence
with tractable layouts. However, there is one problematic case we need to exclude, as explicated in the
following example.

Example 3.1.2.16. Consider the tuple morphisms f and g shown below.

1—1 1 1

1—1 1><1

88— 8 88— 8
! g

Both f and g have standard form, and
Ly=(8,1,1):(1,8,8) = L,.

This example illustrates that the presence of entries of the form s; = 1 and «(i) # * can lead to
non-uniqueness of a representing tuple morphism of standard form. On the layout side, this corresponds
to shape entries s; = 1 with stride d; # 0. In order to exclude such pathological examples, we introduce
the notion of non-degeneracy.
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Definition 3.1.2.17. Suppose
(51,1 8m) ——— (t1, .. 1)

is a tuple morphism and
L=(s1,--y8m): (d1,...,dm)

is a flat layout.

1. We say f is non-degenerate if

2. We say L is non-degenerate if

Observation 3.1.2.18. If f is a non-degenerate tuple morphism, then the layout Ly encoded by f is
non-degenerate. Conversely, if L is a non-degenerate flat layout, then the standard representation fr,
of L is non-degenerate.

Observation 3.1.2.19. Restricting to non-degenerate flat layouts is no real loss of generality. If L is
an arbitrary flat layout, then filter(L) is a non-degenerate flat layout with the same coordinate function
and layout function as L.

The essential property of non-degenerate tuple morphisms of standard form is that they are
characterized by the layouts which they encode. This is made precise as follows.

Lemma 3.1.2.20. Suppose f and g are non-degenerate tuple morphisms of standard form. If Ly = L,
then f =g.

Proof. Suppose

f
($1,..38m) ——— (t1,...,t,)
and
($15+-+ySm) +) (U1, ..., up)

are non-degenerate tuple morphisms of standard form with
Lf = (81,...7Sm) : (dl,...,dm) = Lg.
We want to show that f = g. First, we will argue that (¢1,...,t,) = (u1,...,up). Let

X={ti--t;[1<j<n}
Y:{U1"'uk|1§k‘§p}

denote the sets of prefix products of (t1,...,t,) and (u1,...,up), respectively. We claim X =Y, since
each of these sets is equal to

Lets argue that X = Z. Suppose 1 < j < n. If there exists some i € (m) with a(i) = j, then
t1---t; = s;d;. On the other hand, if j is not in the image of o, then since f has standard form, there
exists some 7 € (m) such that a(i) = j + 1, in which case ¢;---t; = d;. This proves that X C Z.
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Conversely, if 1 <i <m and d; # 0, then d; = t1 -+ -t(;)—1 and s;d; = t1 -+ - t4(;), which proves Z C X.
We deduce that X = Z. The same argument proves Y = Z.

Since f and g are non-degenerate of standard form, we know that each t; and each uy, is greater
than 1, which implies

t1 < tits <'~'<751"'tn7

up < urug <0 <UL Up,

and since X =Y, it follows that n = p, and ¢; ---¢; = uy - - -u; for each 1 < j < n. We deduce that

(t1y .o utn) = (U1, ...y up).
Next, we need to argue that o = . Suppose for contradiction that there exists some i € (m) with
a(i) # B(i). There are two cases to consider.

o If a(i) = * # (i), then
0=di =11 tg(i)-1,

a contradiction. The case a(i) # * = ((¢) is analogous.

o If a(i) # * # B(4), then without loss of generality we may assume «(i) < 5(j), in which case
di =t1 tay—1 <ti--tguy-1 = di,
a contradiction.

We deduce that a = 3, so f = g. O

We are now ready to prove our correspondence theorem, which identifies non-degenerate tuple
morphisms of standard form with non-degenerate tractable flat layouts.

Theorem 3.1.2.21. The maps

[ Ly
Non-degenerate Non-degenerate
tuple morphisms of p +—— tractable flat
standard form layouts
fr L

of Constructions 3.1.2.1 and 3.1.2.5 determine a one-to-one correspondence between non-degenerate
tuple morphisms of standard form, and non-degenerate tractable flat layouts.

Proof. We want to show that the constructions f +— Ly and L — f; are inverses, when restricted to
tuple morphisms and layouts of the stated form. If L is a non-degenerate tractable flat layout, then by
Lemma 3.1.2.9 we have Ly, = L. Suppose next that f is a non-degenerate tuple morphism of standard
form and L = Ly is the layout encoded by f. Since f and fr, are non-degenerate tuple morphisms of
standard form, and the layouts encoded by these tuple morphsims are equal, it follows from Lemma
3.1.2.20 that f = fz,. O

92



3.1.3 Examples

In this section, we introduce some important families of tuple morphisms, and describe the flat layouts
to which they give rise.

Example 3.1.3.1 (Identity morphisms). We say a tuple morphism f is an identity morphism if
f = idg for some tuple S. If f = idg is an identity morphism, then Ly is the column-major layout
with shape S. For instance, here is an example of an identity morphism f together with its associated
layout L.

44— 1

4 — 1

22— 2

22— 2 ~ Ly=(2,2,2,4,4):(1,2,4,8,32)

2 — 2

f

Example 3.1.3.2 (Isomorphisms). A tuple morphism f : .S — T is an isomorphism if there is a tuple
morphism g : T'— S such that go f = idg and f o g =idp. If f is an isomorphism, then its associated
layout Ly is compact. For instance, here is an isomorphism f together with its associated layout L.

4 2
424
2 4
2 2 > Ly =(2,2,2,4,4): (2,1,64,4,16)
S

f

Observation 3.1.3.3. Note that if a tuple morphism
(51,1 8m) ——— (t1, .. 1)

is an isomorphism, then « : (m), — (m). is a bijection, and so a [my€ X, is a permutation.
Conversely, if o € X, is a permutation, and (s1,. .., Sm) is a tuple of positive integers, then we may
construct the isomorphism

f
(8155 8m) ———=— (So(1)s -+ S0(m))-

*

We conclude that there is a one-to-one correspondence between tuple isomorphisms f with domain
($1,-.-,8m), and permutations in %,,.

Example 3.1.3.4 (Projections). Suppose S = (s1,..., ;) is a shape, and suppose
{in <<} C(m)

is some subset. Let
(517"'a8m) +) (81'17""8%)
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be the tuple morphism lying over the map « with

alz) = {j T=1

*  else.
We call p the projection of (s1,...,8m) onto (si,...,s; ). The layout encoded by p is
Lp = (81,...,Sm) : (dl,...,dm),

where

d Siy "t Si;_y t=1; forsome 1 <j<r
’ 0 otherwise.

For instance, here is a projection p of (64, 64,3, 8) onto (64, 3), together with its associated layout.

8
3
64\ 3 ~ L, =(64,64,3,8): (1,0,64,0)
64— 64

p

Example 3.1.3.5 (Dilations). Suppose S = (s1,...,8,) is a shape, and suppose cy,...,c,, are
positive integers. The tuple morphism

f

—_— > (€1, 81,...,C S
(%,2,%,4,...,%,2m) (1’ L ) m)

(8153 8m)

is called the dilation of (s1,...,8m) by (¢1,...,¢n). The layout Ly associated to this morphism is
Li=(s1,...,5m): (d1,...,dn), where
di = HCij.

j<i
For instance, here is the dilation f of (512,512) by (2,4), together with its associated layout.

512

T

512 512

512/ 2
/

Example 3.1.3.6 (Expansions). Suppose S = (s1,..., $;) is a tuple of positive integers, and suppose
1 <4< m/, sothat S’ = (s1,..., 8y ) divides S. Then the tuple morphism

s Ly = (512,512) : (2,4096)

(317"'78711') P — (817"'787”'7'-'757”)
is called the ezpansion of S’ to S. The layout encoded by e is the column-major layout with shape
(81,...,8m). For instance, here is the expansion of S’ = (4,4) to S = (4,4, 8,8).

8
8
4 — 4 ~ L€:(474)(174)

4 — 4
e
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An important property of expansions is that if f : S — T is any tuple morphism and e : T — T” is an
expansion, then
Leoy = Ly.

In other words, post-composing f with an expansion does not change the layout encoded by f.

Example 3.1.3.7 (Restrictions). Suppose

(51, 8m) ——— (t1,. .. tn)
is a tuple morphism, and suppose
I'={i1<---<iy} C(m)
is a subset of indices. Then the tuple morphism

il
(Siw"'?‘sir) —I) (t17-~~7tn)

is called the restriction of f to I. If the layout encoded by f is
Li=(s1,--,5m): (d1,...,dm),
then the layout encoded by f |7 is
Ly, = (Siys--58i,)  (diyy o di, ).

For instance, here is the restriction f |; of a tuple morphism f, where I = {2,4}.

16 16 s Ly=(2,16,8,4) : (0,8,1,128)

16 - Ly, = (16,4) : (8,128)
16

=\ - [/

Example 3.1.3.8 (Entry inclusions). An important special case of the previous construction is as
follows. If f: (s1,.-.,8m) — (t1,...,tm) is a tuple morphism and 1 <4 < m, then the ith entry f; of
fis
fi
(Sl) (—’L) (tl, A ;tn)
If the layout encoded by f is
Li=(s1,--,8m) : (d1,...,dm),

then the layout encoded by f; is
Ly = (si) : (ds).
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For instance, here is a tuple morphism f, and its fourth entry f;.

8 i 4
16%16 s Ly =(2,16,8,4) : (0,8,1,128)
2 8
/
4
16 s Ly, = (4) : (128)
4 8

Ja

Remark 3.1.3.9. Given an (n), € Fin,, there is a morphism ¢; : (1), — (n). for each i € (n) sending
« +— * and 1 — 4. For a tuple morphism f : (s1,...,8m) = (t1,...,t,) lying over a.: (m), — (n),, the
i-th entry lies over the composite cvo ; : (1), — (n)..

Example 3.1.3.10 (Factorizations). Suppose

f
(1503 8m) ——— (t1,...,tn)
is a tuple morphism, and suppose
J={j1<--<je} C(n)

is a subset such that Image(a) C J U {x}. If we write ¢ : (£). — (n), for the map k — ji, then «
factors as @ = ¢ o & for a unique map & : (m), — ()., and we define the factorization of f through J
to be the tuple morphism

1’

(81,...,Sm) —)a (tj17"'7tje)'

If the layout encoded by f is
Lf = (515 .. -as’m) : (dh e 7dm)a
then the layout encoded by f |7 is

Lps = (s1,..0y8m) : (dy,...,dp,),

where

I

k<a(i) and k¢J
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For instance, here is the factorization f |’ of a tuple morphism f, where J = {2,4,5}.

10
8
2 ~ Ly = (8,8) :(32,2)
8 8
8 2
/
10
8 8 w Ly =(8,8):(81)
8 — 8

fI’

Remark 3.1.3.11. There is a categorical interpretation of factorizations. Borrowing the notation of
Example 3.1.3.10, we may observe that there is a tuple morphism i : (¢;,,...,t;,) = (t1,...,t,) lying
over ¢, and f |’ is the pullback of f along i:

1’
(817...,57”) —_— (tjﬂ...,tjf)
idl - lz
(817.'.,81’n)ﬁ (t17...,tn)

3.1.4 Realization of tuple morphisms

As we have seen, a tuple morphism f : S — T encodes a flat layout L¢. In this section, we will
construct a realization functor

|- | : Tuple — FinSet.

which makes this encoding explicit. The realization functor |- | sends a tuple morphism f to the layout
function |f| of Ly. In order to construct our realization functor |- |, we first construct an auxiliary
functor

F : Tuple — FinSet

which we will use in our construction.

Construction 3.1.4.1. We define a functor
F': Tuple — FinSet
as follows.

e For an object S = (s1,...,8,,) in Tuple, we define

m

FS=10,5) =]]l0.s).

=1
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o For a morphism f : (s1,...,8m) = (t1,...,t,) in Tuple lying over «, we define Ff to be the

map
[0,5) —L— [0,7)
given by
(Ff)(x1,- yzm) = (Y1, -, Yn)
where

{xi there exists 1 <1i < m with «a(i) = j,
Y; =

0 else.
One may easily verify that F(go f) = Fgo Ff and Fidg = idpg, so F is in fact a functor.
Example 3.1.4.2. Suppose [ : (4,4) — (4,4, 4) is the tuple morphism lying over o = (1,3). Then
Ff:[0,(4,4)) — [0, (4,4,4))

is given by
(Ff)(x1,22) = (21,0, 22).

Example 3.1.4.3. Suppose g : (3,256,256,512) — (3,256,256) is the tuple morphism lying over
B = (*,3,2,%). Then
Fg: [0, (3,256,256,512)) — [0, (3, 256, 256))

is given by
(Fg)($1,$27$3,$4) = (0,$3,$2).

Construction 3.1.4.4. We define a functor
|- | : Tuple — FinSet
as follows.
e For an object S = (s1,...,8,,) in Tuple, we define
|S| = [0,size(S)) = {0,1,...,size(S) — 1}.
e For a tuple morphism f: S — T, we define
|f| = colexy o F f o colexg!

(recall Definition 2.1.2.17).

If f: S—Tand g:T — U are composable tuple morphisms then
|g o f| = colexy o F(go f) o colexg’
= colexy o Fgo F'f o colexg1

-1 -1
= colexyr o F'g o colex” o colexy o F'f o colexg

= lgle|f]
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and if f = idg is an identity morphism, then

lids| = colexg o Fidg o colexg1
= colexg oidg o colexg1
= colexg o colexg'

= id|s| ,

so | - | does in fact specify a functor. Next, we observe that for a morphism f in Tuple, the map |f| is
the layout function of L. This allows us to easily deduce that composition of morphisms in Tuple is
compatible with composition of flat layouts (see Corollary 3.1.4.6).

Lemma 3.1.4.5. If f: S — T is a tuple morphism, then the realization |f| of f is the layout function
Of Lf.‘
_ xsize(T)

Proof. Let S = (s1,...,8m), T = (t1,...,tn), and let
Lf = (51,...,Sm) : (d17"'7d7n)

denote the layout associated to f, whose strides d; are defined by the formula

g = {0 a(i) = *
[ljca@t; else

By precomposing with colexs : [T/",[0, s;) — [0, size(.S)), it suffices to prove that for any (z1,...,z,,) €
IT2,10,5;), we have

(colexr o Ff)(x1,. . xm) = (21, .., @m) - (d1, ..., dm).
For a general input (z1,...,%,) € [[/~,[0,s;), we have
(Ff)(@1, - @m) = (Y1:--- 5 Yn)
where y; is equal to z; if a(i) = j, and 0 otherwise. It follows that
(colexr o Ff)(z1, ... @m) = (Y1, s ¥n) - (Lit1, .o yt1- - 1)
j=1

m

= Zl‘ldz
=1
= (l‘lv'")xm) ' (dlv"'7dm)a
as desired. ]

Corollary 3.1.4.6. If f and g are composable tuple morphisms, then
Lyoy = LgoLy

Proof. Suppose f: S — T and g : T'— U are morphisms in Tuple lying over « and 3, respectively.
Write S = (s1,...,8m) and T = (t1,...,t,). We need to check that
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1. shape(Lgof) refines shape(Ly): This holds since the shape of Ly and Lyo are both equal to S.

2. Lyoy is coalesced over shape(Ly): Again, this holds since the shape of Ly and L,os are both
equal to S.

3. ®p,

gof g

=&, o (DSLizfe(Ly): Using Lemma 3.1.4.5, we have
ize(U
o7 =g o f]
= lglo|f]
= o7 o ™),
and by postcomposing with the inclusion [0,size(U)) C Z, and observing that size(T") = size(Ly),

the result follows.

O

3.1.5 Operations on tuple morphisms

Our next goal is to develop an “algebra of tuple morphisms”, which includes operations such as coalesce,
complement, composition, flat division, and flat products. We will prove that each of these operations
is compatible with a corresponding operation on flat layouts.

3.1.5.1 Sum

The sum f & g of tuple morphisms f and g is obtained by concatenating the domains and codomains
of f and g. In order to define this operations precisely, we first define a corresponding operation on
morphisms in Fin,.

Definition 3.1.5.1. Suppose a: (m), — (n), and B : (p)» — (¢)« are morphisms in Fin,. We define
the sum of o and 8 to be the morphism

a®B:(m+p— (n+q).

given by
ax) 1<z<m
(a®B)(z)=L{n+Bx—m) m+l<z<m+p
* €T = *.

This operation is associative, so we can consider the sum a; @ - -+ @ «i for any finite collection of
morphisms aq, ..., in Fin,.

Remark 3.1.5.2. If @ and § are tractable pointed maps, then a @ f is tractable.

Now we can define the sum of morphisms in Tuple.

Definition 3.1.5.3. Suppose f: S — T and g : U — V are tuple morphisms lying over a and S,
respectively. We define the sum of f and g to be the tuple morphism

f@g:S+xU—=T*xV

lying over o @ 3. This operation is associative, so we can consider the sum f; & --- @ fi for any finite
collection of morphisms fi,..., fr in Tuple.
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Example 3.1.5.4. Here is an example of the sum f @ g of tuple morphisms f and g.

4 4
4/2

32— 32 4/4 32— 3 32
16 — 16 4 2 16— 16
f g &g

Example 3.1.5.5. Here is another example of the sum f @ g of tuple morphisms f and g.

64 ——— 64
512 256

64— 64 256 — 512
128 128 512 256 128 128
195 S 125 956 T 512 18— 12

f g fog

Remark 3.1.5.6. There is a categorical interpretation of the sum of tuple morphisms: if f: S — T and

g : U — V are tuple morphisms, then
f@g:SxU—->T*xV

is the coproduct of f and g in the arrow category Ar(Tuple).

3.1.5.2 Squeeze

It is often the case that we want to remove any instances of the integer 1 from our tuples. This is

accomplished by the squeeze functor.

Definition 3.1.5.7. We define a functor

squeeze(—)

Tuple Tuple
as follows. If S = (s1,...,$m,) is an object in Tuple, we define
squeeze(S) = (Siys- -+, Sy )
where {i; < - <ip} C (m) are the indices with s;; # 1. If f: (s1,...,8m) = (t1,...

morphism, we define
squeeze(f) : squeeze(S) — squeeze(T)

to be the tuple morphism
squeeze(f) = (f |r) |

where f |7 is the restriction of f to
I={ie{m)|s #1}

as in Definition 3.1.3.7, and where (f |7) |7 is be the factorization of f |; through
J={jem) |t 1),

as in Definition 3.1.3.10.
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Example 3.1.5.8. Here is an example of a morphism f and the corresponding morphism squeeze( f).

256
256 128 256
128 1

/ 128

1 32 256 / 32

8 32 - 128 32

L T 8 — 58
f

squeeze(f)

\\

Example 3.1.5.9. If f: (s1,...,8n) — (t1,...,t,) is a tuple morphism, then
f =squeeze(f) <  nos;, t;is equal to 1.
Proposition 3.1.5.10. If f is a tuple morphism, then
Lgqueeze(r) = squeeze(Ly).
Proof. Suppose f: (s1,...,8m) = (t1,...,tm) is a tuple morphism, and let
Ly=(s1,...,8m): (di,...,dm)

be the flat layout associated to f. Let I = {i; < -+ < ipy} C (m) denote the subset of indices with
si, # 1. Then

Lfll - (8i17"'7sik) : (dilﬂ"'7dik)
= squeeze(Ly).

Let J = {j1 <+ < jn} C (n) denote the subset of indices with ¢;, # 1, so that squeeze(f) = (f |1) |”.
Let 8 denote the map over which squeeze(f) lies. Then

quueeze(f) = L(f\1)|‘] = (sin‘"asik) : (d;ﬂ?d;k)

where

iR T

£<B(k) and £¢J
since t, = 1 for any ¢ ¢ J. We conclude that

quueeze(f) = (57117 B Sik) : (dilv s 7d7k)
= squeeze(Ly).

Observation 3.1.5.11. If f is a tuple morphism, then
squeeze(squeeze(f)) = squeeze(f),

SO
squeeze(—)

Tuple Tuple

is an idempotent functor.
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3.1.5.3 Sort

The sort operation f +— sort(f) permutes the domain of f so that the resulting morphism is sorted, in
the following sense.

Definition 3.1.5.12. We say a tuple morphism
(51, 8m) —2— (t1, ... tn)
is sorted if for any 1 < 4,7 < m, the following conditions hold.
1. If a(i) = * # a(j), then i < j.

2. If a(i) = * = a(j), then
3. If a(i) # * # a(j), then

Example 3.1.5.13. The morphisms f;, f2, and f3 shown below

4 60 —— 60

128 1 20 P

512 128 1 8 59 T 90

e, 1 64 8 4
S f2 f3

are sorted, while the morphisms g1, g2, and g3 shown below

512

52 9 1 - 4 22

32 — 32 4 o 8 8 24

32 32 8 64 24 16
91 g2 g3

are not sorted. The morphisms g1, g2, and g3 violate conditions 3, 1, and 2, respectively.
Proposition 3.1.5.14. If f is a sorted tuple morphism, then the flat layout Ly is sorted.
Proof. Suppose

(51, 8m) —2— (t1, ... tn)
is sorted, and consider the layout

Li=(s1,.-..,8m): (d1,...,dm).

Suppose 1 < i < m. We want to show that d; < d;41, or d; = d;+1 and s; < s;41. There are two cases
to consider.

o (Case 1) Suppose that a(i) = *, so that d; = 0. If a(i + 1) = =, then d;;1 = 0 and since f is
sorted we have s; < s;41. If a(i +1) # *, then d;11 > 1> 0=d;.
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o (Case 2) Suppose that a(i) # *, in which case a(i + 1) # * and a(i) < a(i + 1). Then

d; = H t; < H =dit1,

j<a(i) j<a(it+l)
where equality holds only if s; = t,(;) = 1, which implies s; < s;11.
We conclude that Ly is sorted. O

Next, we define our sort(—) operation on Tuple. If f is a tuple morphism, then sort(f) will be obtained
by precomposing f with an appropriate permutation g.

Construction 3.1.5.15. Suppose

f
(81,...,Sm) — (t17~-~>tn)
is a tuple morphism. We define a permutation o € ¥, as follows. Set

P ={ie (m)|ali) =},
Q = {i e (m)|ai)# },
so (m) is the disjoint union of P and Q. We define a linear ordering of P by i; <p i if
1. 55 < s, o0r
2. si; = Si, and 11 < io.

We define a linear ordering on @ by ji =¢ jo if a(i1) < a(iz). We define a linear ordering on (m) by
i1 < i if

1. ilePandigeQ,
2. 41,10 € P and i1 =<p i9, Or
3. 11,19 € Q and i jQ 9.

Let o be permutation associated to the linear ordering < of (m), and let o~! be its inverse. The map

1

oy {m). — (m), is covered by a tuple morphism

9 (So=1(1)s++»So-1(m)) = (815, 5m),

and we define sort(f) to be the composite

sort(f) = fog.

Example 3.1.5.16. The sortings of the morphisms g7, g2, and g3 of Example 3.1.5.13 are shown
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below.
512

512/ 2
32 39
32><32
g1
1/4
4/8
8 64

g2

22— 2

24 16
gs

512

512/ 2
N 1)

32— 32
sort(g1)

4—1a
8§ ——— 8
1 64

sort(gz)

22— 2
24 24
8 16

sort(gs)

Lemma 3.1.5.17. Suppose f : S — T is a tuple morphism. Then f is sorted if and only if sort(f) = f.

Proof. Our construction of sort(—) guarantees that sort(f) is sorted for any tuple morphism f. In
particular, if f = sort(f), then f is sorted. Conversely, if f is sorted, then the permutation o € ¥,
from Construction 3.1.5.15 is the identity permutation, so g = idg, and so

sort(f) = foids = f.

Proposition 3.1.5.18. If f is a tuple morphism, then
Lsort(f) = SOI‘t(Lf).

Proof. Borrowing our notation form Construction 3.1.5.15, we have sort(f) = f o g where

g (So-1(1)s -+ 80-1(m)) = (51, .., 5m)

lies over o't (m), — (m).. If Ly = (s1,...,8m) : (d1,...,dy), then

Lsort(f) = (8/1, ey S;n) : (dll, e 7d;n)
= (So-1(1)s-- -1 80-1(m)) * (do=1(1)s -+ s dg=1(m))-
Since the modes of Leyr(y) are a permutation of the modes of Ly, it suffices to prove that Ley(y) is
sorted. Suppose 1 <i < m. Suppose first that 0~ (i) € P, so that dj = d,-1(;) = 0. If 7' (i + 1) € P,
then dj, | = dy-1(;41) = 0. By construction of o, we have s = s,-1(;) < 55-1(41) = ;1. If instead
o~ l(i+1) € Q, then di, =d/ > 0 = d}. Suppose next that 0~1(i) € Q. Then by construction

o~ 1(i+1)

of o, we have 07 1(i +1) € Q and a(0~1(i)) < a(c~(i + 1)), and we have

& =dory= [ t

j<a(c=1()

< II

Jj<a(o=!(i+1))
= dg-1(i41)

_ oy
- di+17
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where equality holds if and only if {y(5-13:)) = -+ = ta(o-1(i+1))—1 = 1. In particular, we have s; =
So-1(i) = ta(o-1(i)) = 1, and so s; < 57, ;. We conclude that Ly (s) is sorted, so Leor () = sort(Ly). [

Remark 3.1.5.19. The operation sort(—) is not functorial. For example, consider the tuple morphisms

f g
(2,3) W (3,2) and (10,25) W (25,10)

Then f and g are composable with g o f = id(25 10y, but the sorted morphisms

(10, 25) 5‘(’;(2];) (10,25) and (25,10)5?;;;?)(25,10)

are not composable.

3.1.5.4 Coalesce

We begin by introducing the notion of a coalesced tuple morphism.
Definition 3.1.5.20. Suppose f : .S — T is a tuple morphism lying over a. We say f is coalesced if
1. S = squeeze(S) and

2. for any 1 < < len(S), exactly one of the following conditions holds:

(a) ali) = £ ali + 1),

(b) a(i) #*=a(i+1),

(¢) a(i) > a(i+1), or

(d) a(i) < a(i+1), and there exists a(i) < j < (i + 1) with ¢; > 1.

Example 3.1.5.21. If there exists some 1 < i < len(S) with a(i + 1) = «(i) + 1, then f is not
coalesced.

Remark 3.1.5.22. If f : S — T is a tuple morphism such that f = squeeze(f), then f is coalesced if
and only if for any 1 <14 < len(S), one of the following conditions holds:

w
Q2
=
V
Q
-
+
=
o
=

16 32 g 16 32%32
16 8

16 2
fi f2 [
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are coalesced, while the morphisms

4

8 4 /32 2

32 — 48 9 / 1 1 8

48 16 32 16 32— 32

16 — 2 16 — 8 16 1
g1 g2 gs

are not coalesced.

Proposition 3.1.5.24. Suppose f is a tuple morphism. Then f is coalesced if and only if Ly is
coalesced.

Proof. Suppose f : (s1,...,8m) = (t1,...,t,) is a tuple morphism, and let
L= (s1,.--,5m): (d1,...,dm)

be the layout encoded by f.
Suppose first that f is coalesced. Then no entry of shape(Ls) = domain(f) is equal to 1. Suppose
1 <4 < m. We want to show that s;d; is not equal to d;y1. If d; = 0, then «(i) = *, and we have

sidi =diy1 & dig1 =0
< a(i+l) ==«
but by our assumption that f is coalesced, we have a(i + 1) # *, hence s;d; # d;+1. If d; # 0, then

a(i) #*. If a(i+1) =%, then d;y1 =0, so s;d; # diy1. If a(i+ 1) < (i), then d; > d;41, and since
s; # 1, we have s;d; > d;y1. Finally, if a(i) < a(i + 1), then

Sidizsi' H tj = H tj

J<a(i) J<a(d)
< II #
j<a(i+1)
=dit1.
We conclude that Ly is coalesced.
Suppose next that the layout Ly is coalesced. Then no entry in domain(f) = shape(Ly) is equal to 1.

Suppose 1 <i < m. If a(i) = *, then d; = 0, and since Ly is coalesced, we must have d; 1 # s;d; =0,
hence a(i + 1) # *. Suppose a(i) # *, and (i) < a(i + 1). Since Ly is coalesced, we have s;d; # dit1.

But if we write
Sidi = H t]’,

J<a(i)

di+1 = H tj,

Jj<a(i+1)

and

this implies that [, ;) <j<a(is1) i # 1. In particular, there exists some a(i) < j < a(i+1) with t; > 1.
We conclude that f is coalesced. O

Next, we define our coal(—) operation on tuple morphisms.
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Construction 3.1.5.25. Suppose f is a tuple morphism. We define a morphism coal(f) as follows:
1. First, we set g = squeeze(f), and we write 8 : (m). — (n), for the map over which g lies.
2. Next, we define an equivalence relation ~ on (m) where i ~ i’ if either

(a) B(i")=xfori <" <, or
(b) B(i"") = B(i) + (i" — i) for i < i <.

The quotient (m)/ ~ is ordered by [i1] < [ig] if i1 < i2, so we can identify this quotient with (m)
where m is the size of (m)/ ~.

3. Next, define an equivalence relation ~ on (n) where j ~ j’ if there exists ¢ € (m) such that
Bli+ (" —7) = BGE) + (5" —J)

for all j < j” < j’. The quotient (n)/ ~ is ordered by [j1] < [j2] if j1 < j2, so we can identify
this quotient with (n) where 7 is the size of (n)/ ~.

4. Next, we observe that the map 3 : (m), — (n). descends to a map
B (). — (R)s
given by S([i]) = [5(1)].

5. The domain S = (51,...,5.) of coal(f) is defined by setting

i'el

if i € (m) corresponds to the equivalence class I € (m)/ ~. The codomain T = (ti,...,tz) of
coal(f) is defined by setting
=11t

j'ed

if j € (n) corresponds to the equivalence class J € (n)/ ~. We then define
coal(f): S =T

to be the tuple morphism lying over £.

Example 3.1.5.26. Here is an example of a tuple morphism f and the coalesced morphism coal(f).

T— 7
5 2
5 3

3/3
3/2 7/2

29 25 9
22 s 9/2
22 8§ — 8

f coal(f)
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Example 3.1.5.27. We can coalesce the morphism f of Example 3.1.5.8 as follows

256
256 — 128 256
11 / 128 32768
1 32 256 / 32 / 32
8 32 — 128 32 - 32768 32
| T 8 — 8 88— 8
f squeeze(f) coal(f)

Proposition 3.1.5.28. If f is a tuple morphism, then
1. coal(f) is coalesced, and
2. Leoai(sy = coal(Ly).

Proof. First, we will argue that coal(f) is coalesced. This is immediate from our construction, since
applying squeeze eliminates all modes equal to 1, and passing to the quotient in our construction
consolidated all adjacent modes with a(i + 1) = a(7) + 1.

Next, we will prove that Leo sy = coal(Ly). In light of Proposition 2.1.4.18 and Proposition
3.1.5.24, it suffices to prove that @, sy = ®y. Certainly applying squeeze(—) to f has no impact on
the associated layout function, so we need to argue that passing to the quotient in our construction
does not change the layout function of the associated layout. This follows from the fact that forming
our quotient can be formed in steps, where in each step we combine adjacent modes with either
a(i) =+ =a(i+1), or a(i+1) = a(i) + 1. These correspond to replacing adjacent modes of the form
Siy Sit1 : 0,0 with s;8;41 : 0, and s;, 5,41 : d;, s;d; with s;s;41 @ d;, respectively. Neither such operation
changes the layout function of a layout, and so we conclude that ® Leoat(ry = Peoal(Ly), as desired. [

3.1.5.5 Concatenate

Next, we will define a concatenation operation on tuple morphisms. This operation may be performed
on tuple morphisms satisfying a “disjointness” condition, which we specify below.

Definition 3.1.5.29. Suppose a : (m). — (n). and f : (p)» — (n), are morphisms in Fin, with the
same codomain. We say « and (8 have disjoint images if

Image(a) N Image(8) = {*}.

Construction 3.1.5.30. If a: (m). — (n), and 8 : (p). — (n), have disjoint images, then we have a
well-defined morphism
axfB:{m+p) = (n)

given by
* 7= x
(a* B)(i) = { afi) 1<i<m
Bli—m) m+1<i<m+p.
This operation is associative, so we can consider oy - - - x ay, for any collection of morphisms aq, ..., ag

in Fin, with pairwise disjoint images.
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Remark 3.1.5.31. If o and B are tractable pointed maps and « and 8 have disjoint images, then a x 8
is tractable.

Definition 3.1.5.32. Suppose
f:95->T

and
g:U—=T

are tuple morphisms lying over a and 3, respectively. We say f and g have disjoint images if the
morphisms « and 8 have disjoint images.

Example 3.1.5.33. Consider the tuple morphisms f, g, and A shown below.

64 64 64

/ 64 32 64 o

6470 3><64 616

64 3 64 3 64 3

f g h

Then f and g have disjoint images, while h and g do not have disjoint images.

Construction 3.1.5.34. Suppose
f:S—=T,andg:U—T

are tuple morphisms lying over a and 3, respectively, and that f and g have disjoint images. We define
the concatenation of f and g to be the morphism

fxg:SxU—=T

lying over ax 8. This operation is associative, so we can consider f; --- f; for any finite collection of
morphisms f; with pairwise disjoint images.

Example 3.1.5.35. If f and g are the morphisms in Tuple from Example 3.1.5.33, then the concate-
nation of f and g is the morphism shown below.

32

3 64
64 64
64 64
64 3

f*g
Example 3.1.5.36. Suppose f : (S1,...,8m) — (t1,...,t,) is a tuple morphism, and for any 1 <14 < m,
let
fi : (81) — (tl, e ,tn)
denote the ith entry of f, as in Example 3.1.3.8. Then we can write

f:fl*"'*fm

as the concatenation of its entries.
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Lemma 3.1.5.37. Suppose f1: 51 =T and fy : So — T are tuple morphisms with disjoint images.
If g : T — U is any tuple morphism, then
go(fixf2) = (g0 f1) (g0 f2).

Proof. Suppose fi1, fa, and g lie over a3 : (m1)x — (n), ag : (Ma2). — (n), and B : (n) — (p),
respectively. The two maps in question have the same domains and the same codomains, so it suffices
to prove that

60((11*0{2) = (ﬂoal)*(ﬂoag).

We compute

(B0 (a1 % ag))(i) = B((ar * az)(i))

= q Blea (i) 1<i<m
Blag(i—my)) my+1<i<mq+my

* 1= x%
=4 (Boay)(i) 1<i<m
(Boag)(i—my) mi+1<i<mg+mgy
= ((Boar) x (B oaz))(i).
O
Proposition 3.1.5.38. Suppose f1,..., fr are morphisms in Tuple with the same codomain and with

pairwise disjoint images. Then the layouts Ly, , ..., Ly, satisfy

k
Lfl*"'*fk: = Lf1 L *Lfk~
Proof. First, we prove the result for k = 2. Suppose
f=(s1,-y8m) = (t1,.. . tn), and g : (ug, ..., up) = (t1,...,t,)
have disjoint images, and write
Li=(51,---,8m):(d1,...,dp), and Ly = (u1,...,up) : (dy,...,d,).
Then the layout L¢,, is given by

Livg= (51, SmsU1,...,Up) : (€1, Emims)

where

€; = H tj

J<(axp)(i)
[t 1<i<m

_ ) i<a(d)

B H tp m+1<i<m+m.
J<B(i—m)

_{di 1<i<m
di_,, m+1<i<m+m.

This concludes the proof of the result when & = 2. The general case follows from the associativity of
concatenation of tuple morphisms, and the associativity of concatenation of flat layouts. O
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3.1.5.6 Complement

We begin by defining the notion of complementary tuple morphisms.

Definition 3.1.5.39. Suppose f : S — T and g : U — T are tuple morphisms. We say g is a
complement of f if

1. f and g have disjoint images, and

2. the concatenation
fxg:S«xU — T

is an isomorphism.

Example 3.1.5.40. If f and g are the morphisms shown below

16 16

32 32

32 — 32 10 32

32 — 10 16 10
/ g

then ¢ is a complement of f.

Example 3.1.5.41. If f is the morphism shown below

256
128 >§ 128
128 256
f
then f does not admit a complement.

Next, we prove that complementary tuple morphisms give rise to complementary flat layouts.

Proposition 3.1.5.42. If f : S — T is a tuple morphism and g is a complement of f, then Ly is a
size(T')-complement of Ly.

Proof. Write S = domain(f), U = domain(g), and T = codomain(f) = codomain(g). First, we note
that

size(Ly) - size(Ly) = size(Ly x L)

Next, we note that f x g is an isomorphism, hence so is

size(T
|fxgl= ‘I)Lf*(g )
where we have used the identification of <I>sLiZfe*(gT) of Lemma 3.1.4.5. O
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Proposition 3.1.5.43. If f is an injective tuple morphism, then
coal’(Lse) = comp’(Ly, size(T)).

Proof. By Proposition 3.1.5.42, we know that L. is a size(T")-complement of L;. Since f° is sorted,
so is L. and it follows from Proposition 2.1.6.33, it follows that

coal’(Lse) = comp’(Ly, size(T)),
since both of these layouts are flat, sorted, coalesced complements of Ly of the same size. O

Definition 3.1.5.44. Suppose f is a tuple morphism lying over a : (m), — (n).. We say f is
complementable if « is injective.

Construction 3.1.5.45. Suppose f : (s1,...,8m) — (t1,...,t,) is a complementable tuple morphism.
Let j; < -+ < jn—m denote the collection of indices in (n) which are not in the image of a. We define
the complement of f to be the tuple morphism

fc : (tjw""tjk) — (tl,...,tn)

lying over the map complement(«) : (n — m), — (n), given by k — ji. By construction, we may
observe that f¢ is a complement of f, in the sense of Definition 3.1.5.39

Example 3.1.5.46. Below is an example of a morphism f and its complement f°.

512 512
P 512 / 512
512 / 256 512 256
256 10 10 —— 10
f fe
Proposition 3.1.5.47. If f is a tuple morphism and g is a complement of f, then
sort(g) = f°.

Proof. Suppose f lies over a : (m). — (n)., sort(g) lies over 8 : (n — m), — (n). and f€ lies over

a®:{n—m), — (n),. Then  and a° are increasing maps with the same image, namely
Image(8) = (n) \ Image(a) = Image(a®),
hence 8 = ¢, and hence sort(g) = f€. O

Proposition 3.1.5.48. Suppose f is a tuple morphism. Then f admits a complement if and only if f
is complementable, in the sense of Definition 3.1.5.44.

Proof. If f lies over a map a which is not injective, then for any morphism f* such that f and f*
have disjoint images, the morphism f x f* lies over a map which is not injective, hence f x f* is not
an isomorphism. Conversely, if f lies over an injective map, then the morphism f¢ of Construction
3.1.5.45 is a complement of f. O

Proposition 3.1.5.49. If f is a complementable tuple morphism, then

sort(f) = ().

Proof. Both maps are increasing, injective, and have the same image, so they are equal. O
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3.1.5.7 Flat division
In this section, we define a division operation on tuple morphisms.

Definition 3.1.5.50. If f and g are tuple morphisms, we say g divides f if g and f are composable.
In other words,
codomain(g) = domain(f).

Definition 3.1.5.51. Suppose g: S — T and f: T — U are tuple morphisms. The flat division of f
by g is the tuple morphism

f@ g="folg*g°).
Example 3.1.5.52. Here is an example of tuple morphisms f and g together with their flat quotient

foy.
128 128 —— 128 2 128
s o 22 128>< 2
f 9 fe'yg

Example 3.1.5.53. Here is an example of tuple morphisms f and g together with their flat quotient
@y

5—5 2 5
5—5 2 5
5 2 — 2 5 2
5 22— 2 5} 2
9 f f@yg
Example 3.1.5.54. Here is an example of tuple morphisms f and g together with their flat quotient
@y
512 512

2 \512

f 9 f@byg
Proposition 3.1.5.55. If f and g are composable tuple morphisms, then

coalb(Lf@g) = coal’(Ly @° L,)
Proof. By Proposition 3.2.6.20, we have
coal’(Lye) = comp®(Ly, size(Ly)),
and we compute

coal’(L; @ Ly) = coal’(Ly o (Ly x comp(Lyg, size(Ly))))

Il
0O
o
L
~
-
)
~
«Q
*
~
Q
[+]
SN—
N~—
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3.1.5.8 Flat products
In this section we define a product operation on tuple morphisms.

Definition 3.1.5.56. Suppose f and g are tuple morphisms. We say f and g are product admissible if
codomain(g) = domain(f€). If f and g are product admissible, then we define flat product of f and g
to be

F& g=F*(fog).
Example 3.1.5.57. If f and g are the tuple morphisms shown below

16
16
16 ——— 16 § ——— 8
16 ——— 16 §— 8

g f

then f and ¢ are product-admissible, and f ®° ¢ is the tuple morphism shown below.

16 ——— 16
16 ———— 16
§+——— 8
8 —— 8

feyg
Example 3.1.5.58. If f and g are the tuple morphisms shown below
128

128
32 128 / 32

32 — 32 128 32

g f
then f and ¢ are product-admissible, and f ®” g is the tuple morphism shown below.
128
32 128
128 32
128 32

feyg
Lemma 3.1.5.59. If f and g are product admissible and g is injective, then f ®” g is injective and
(f & g)° = fog".

Proof. The tuple morphisms (f ®° g)¢ and f€og° are injective, increasing, and have the same codomain,
so it suffices to show that they have the same image. The image of (f ®” g)¢ = (f x (f¢ o g))® consists
of those entries which are not in the image of f, and not in the image of f¢o g. The image of f¢
consists of those entries which are not in the image of f, and so the image of the composition f€o g°
consists of those entries which are not in the image of f, and not in the image of f¢og. O
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Proposition 3.1.5.60. Suppose f and g are product admissible, and g and h are product admissible.
Then

1. f® g and h are product admissible,
2. f and g @ h are product admissible, and
3 (f2Pg) @ h=f&" (g&°h).
Proof. Using Lemma 3.1.5.37 and Lemma 3.1.5.59, we compute

F@ (9@ h)=fx(fo(9®" h))
feol(gx(9°oh)))

(fog)x(fCo(g°0h)))
=fx((fog)* ((fcog)oh))
=fx(f0 )*(( " g)oh)

=(f& g)*((f&" g)°oh)
=(f®"g) @ h.

O

Proposition 3.1.5.61. Suppose f and g are tuple morphisms and that f and g are product admissible.
Then
b
Ligrg=1Ly® Ly.

Proof. Suppose f:S =T and g : U — V are product admissible, and set
L} = comp®(Ly, size(Ly) - cosize(Ly)).
Since f is injective and the codomain of ¢ is the domain of f€¢, it follows that
size(Ly) - cosize(L,) < size(S) - size(V') = size(T).

Using this fact, and the fact that
(I)comp(Lf,size(T)) = (I)Lfca
we have
L% o Ly = comp(Ly,size(T)) o L,
= Lfc o Lg.
Using this fact, we compute
Ly® Ly=Lyx(LjoLy)

= Lf * (Lfc o Lg)

= Lf * Lfcog

= Ls(feog)

= Lygrg
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3.2 The category Nest

In the previous section, we introduced a category Tuple, whose morphisms encode flat tractable layouts.
In this section, we introduce a category Nest, whose morphisms encode arbitrary tractable layouts.

3.2.1 Basic definitions

Recall that for a nested tuple S, we write S” for the flattening of S. For example, if S = (64, (8,8)),
then S° = (64,8, 8).

Definition 3.2.1.1. Let Nest denote the category whose objects are nested tuples of positive integers,
and in which a morphism
f:85->T

in Nest is specified by a tuple morphism
8" 1.
In other words,
Hompyest (S, T) = HomTup|e(Sb,Tb).

Explicitly, a morphism f : S — T in Nest is specified by a tractable pointed map « : (len(S)). —
(len(T)). satisfying the following property:

o If 1 <i<len(S) and (i) # *, then entry,(S) = entry,;(T).

We refer to morphisms in Nest as nested tuple morphisms. We say such a morphism f lies over a, and
refer to f as a nested tuple morphism.

Notation 3.2.1.2. If f: S — T is a nested tuple morphism which lies over «, we depict f as

s—~L 7

(0%
Example 3.2.1.3. Here are some examples of nested tuple morphisms.

f
%
(64, (8,8) — 25— (64,8,8)

((2:2),2) — 25— (10,2,2,(3,2,3))

64 (—’2?)> ((64,64),512).

Observation 3.2.1.4. If X is a set, lets write X™ for the indiscrete category on X. This is the
category whose objects are the elements of X, and in which there is a unique (iso)morphism between
any two objects. Then by definition of Nest, we have a pullback square

Nest — "), profile™™

Hbl - llenm

ind
Tuple 4>Ien(—) N

We may view this as a categorification of the pullback square 2.2.2.3.
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Example 3.2.1.5. Suppose S is a nested tuple of length m. If 1 < i < m then there is a nested tuple
morphism
entry,;(S) — S

lying over the map (1), — (m). given by 1+ 4. For instance, if S = (64, (8,8)) and ¢ = 1, then we
have a nested tuple morphism
64 —a (64, (8,8)).
Example 3.2.1.6. Suppose S is a nested tuple of rank r. If 1 <4 < r, then there is a canonical
nested tuple morphism
mode;(S) — S
lying over the map (len;(S)). — (len(S)). given by j — j + len;(S). For instance, if S = (64, (8, 8)),

then we have a nested tuple morphism

(8.8) —5— (64.(8,8)).

Observation 3.2.1.7. There are functors relating the categories Nest and Tuple. First, there is an
inclusion functor
Tuple —S 5 Nest

which considers a tuple morphism f : S — T as a nested tuple morphism. Next, there is a flattening

functor

_\b
Nest L Tuple

which sends a nested tuple morphism f : S — T to the underlying tuple morphism f” : S — T”. The
composite

b
Tuple —< 5 Nest % Tuple

is the identity functor on Tuple, so Tuple is a retractive subcategory of Nest. Moreover, these functors
form an adjoint equivalence of categories.

Remark 3.2.1.8. One might wish to consider some category C whose morphisms encode tractable
layouts, but which is not equivalent to Tuple. The authors have considered several such examples, but
leave their investigation to future work.

3.2.2 From nested tuple morphisms to layouts

The key feature of the category Nest is that if f : S — T is a nested tuple morphism, then f encodes
a layout Ly. This layout is obtained by equipping the flat layout L, with the nesting profile of S.
More precisely, we have the following construction.

Construction 3.2.2.1. Suppose
f:85—>T

is a nested tuple morphism, and suppose P = prof(S). We define Ly to be the layout
Li=(Lp)p

where (—)p is the P-substitution operation of Definition 2.3.1.17. We refer to Ly as the layout encoded
by f.
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Construction 3.2.2.2. Suppose
(1, s 8m)p ——— (b1, En)o
is a nested tuple morphism. We define L to be the layout whose shape
shape(Ly) = (s1,...,8m)pP
is the domain of f, and whose stride
stride(Lf) = (d1,...,dm)pP
has entries defined by the formula
d - {O ai) = *
jcamti o) # =
We refer to L as the layout encoded by f.

Example 3.2.2.3. The layout encoded by

f
((8,8),(4,4)) Gasy (8,4,4,8)

is

Ly =((8,8),(4,4)) : ((1,128), (32,8)).

Example 3.2.2.4. The layout encoded by

(128,(4,4,2) —57575 ((4,4),128)

is

Lg = (128’ (47 47 2)) : (165 (17 47 0))
Observation 3.2.2.5. The flattening functor

_\b
Nest % Tuple

is compatible with flattening of layouts, in that if f is a nested tuple morphism, then
(Ly) = Lp.

If L is a tractable layout, then we can construct a nested tuple morphism which encodes L as
follows.

Construction 3.2.2.6. Suppose L is a tractable layout. We define the standard representation of L
to be the nested tuple morphism
fL :S—>T

where (f)” = fy» is the standard representation of L°, S = shape(L) is the shape of L, and T is the
codomain of fr,.
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Example 3.2.2.7. If
L= (32,(2,2)) : (192, (24,3))

then the standard representation of L is

(327(272)) ﬁ) (3a27472747 32)

Lemma 3.2.2.8. If L is a tractable layout, and f = fr, is the standard representation of L, then
Ly=L.

Proof. We have
(Ly)) =Lp =1L

and
shape(Ly) = shape(L).
O

Proposition 3.2.2.9. Suppose L is a layout. Then there exists a nested tuple morphism f encoding L
if and only if L is tractable.

Proof. Suppose first that L = Ly for some nested tuple morphism f. Then (L;)’ = Ly», and by
Proposition 3.1.2.10, we know that L° is tractable, hence so is L. Conversely, if L is tractable, then we
can take f = fr to be the standard representation of L, and by Lemma 3.2.2.8, we have Ly = L. [

In order to establish a one-to-one correspondence between tractable layouts and certain nested
tuple morphisms, we introduce the notion of standard form for nested tuple morphisms.

Definition 3.2.2.10. Suppose f : S — T is a nested tuple morphism. We say f has standard form if
1. f° has standard form, as in Definition 3.1.2.12, and
2. T is flat.

Example 3.2.2.11. The nested tuple morphism

((2:2),(3,3)) — g5~ (10,3,3,2,10,2)

has standard form.
Example 3.2.2.12. The nested tuple morphism

((2,2), (3,3)) (46—]623) ((10,3,3), (2,10,2))

does not have standard form since the codomain of g is not flat.

Just as in the flat case, we need to exclude non-degenerate nested tuple morphisms and non-
degenerate layouts in order to obtain a one-to-one correspondence between nested tuple morphisms of
standard form and tractable layouts. To this end, we make the following definition.
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Definition 3.2.2.13. Suppose

is a nested tuple morphism, and suppose

is a layout.

1. We say f is non-degenerate if

2. We say L is non-degenerate if

entry;(S)=1 = entry,(D)=0.

Remark 3.2.2.14. If f is a nested tuple morphism, then f is non-degenerate if and only if f* is
non-degenerate. If L is a layout, then L is non-degenerate if and only if L’ is non-degenerate.

Proposition 3.2.2.15. The maps

I Ly

Non-degenerate
nested tuple morphisms p +—— {

Non-degenerate }
of standard form

tractable layouts

Iz i L

of Constructions 3.2.2.2 and 3.2.2.6 determine a one-to-one correspondence between nested tuple
morphisms of standard form, and tractable layouts.

Proof. We have already shown in Proposition 3.2.2.9 that if L is a tractable layout and f = fr, is the
standard form of L, then Ly = L. Suppose next that f has standard form, and let L = L; be the
layout encoded by f. We want to show that f is equal to the standard representation f; of L. By
Proposition 3.1.2.21, we know that f” is equal to the standard representation f;, of L’, and since

domain(f) = shape(L) = domain(fr),

and
codomain(f) = codomain(f”) = codomain(f,») = codomain(fr),

we deduce that f = fr. O

3.2.3 Examples

In this section, we list some important families of nested tuple morphisms.
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Example 3.2.3.1 (Reparenthesizations). Suppose S; and Sy are nested tuples with the same flattening
CHEN
Then there is a reparenthesization isomorphism
ide? 1 ) —— S
lying over the identity. These morphisms are transitive, in that
id3? oidg? = id?,
and compatible with identities, in that
id3 = idg.
If f= idgf is a reparenthesization isomorphism, then Ly is the column major layout with shape S;.

Example 3.2.3.2 (Flattenings). As a special case of the previous example, if S is any nested tuple,
then we have a flattening isomorphism

idS 15— 5

and an unflattening isomorphism

idg, 1 $" —— S

Observation 3.2.3.3. If f : S — T is a nested tuple, then f is equal to the composite

b i
g g f o g
7

In other words, we have a canonical factorization
F=id%, 0 2 oidS .
Example 3.2.3.4 (Entries). Suppose

s —L 7

is a nested tuple morphism. Suppose 1 < i < len(S), and write j = «(¢). Then we refer to the nested

tuple morphism

entry,; (f)
()

as the ith entry of f. The layout encoded by entry,(f) is

entry; (5) T
Lentry,(f) = entry,;(Ly).

Example 3.2.3.5 (Entry inclusions). As a special case of the previous example, if S is a nested tuple
and 1 <14 < len(S), we can take f = idg, in which case

entry,(idg) : entry,(S) ——— S

is the inclusion of the ith entry of S.
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Example 3.2.3.6 (Modes). Suppose

s .p

is a nested tuple morphism. Suppose 1 <4 < rank(S) and, write
N = |en<i(5)
¢ = len;(S).
Then we refer to the nested tuple morphism

mode; (f)

(N+1,...,N+¢) T

mode; (.5)

as the ith mode of S. The layout encoded by mode;(Ly) is
Lmodei(f) = modei(Lf).

Example 3.2.3.7 (Mode inclusions). As a special case of the previous example we may take f = idg,
in which case

mode; (idg) : mode;(S) — S

is the inclusion of the ith mode of S. We sometime denote this map by

incl;(S) = mode;(idg).

3.2.4 Realization of nested tuple morphisms
In the flat case, we constructed a realization functor

Tuple 1 FinSet
which sends a tuple morphism f to the layout function of L;. We can extend this to a realization
functor

Nest % FinSet

by precomposing with the flattening functor Nest — Tuple.
Definition 3.2.4.1. We define the realization functor

Nest — FinSet

to be the composite

— b .
Nest % Tuple % FinSet

Lemma 3.2.4.2. If f: S — T is a nested tuple morphism, then the realization |f| of f is the layout
function of Ly:
ize(T
|f‘ — @SLfe( )
Proof. This follows immediately from 3.1.4.5, since

ize(T’ ize(T"
=1 = o™ = ap®
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3.2.5 Refinements

In this section, we revisit the refinement of nested tuples from a categorical perspective. Recall from
section 2.2.4 that a nested tuple S’ refines S, denoted

S — S

if S’ may be obtained from S by replacing each entry of S with some nested tuple of the same size.
For example,
(2,(2,2)) - 8,

and
((2,2),(3,3),(5,5)) - (4,9,25).

If len(S) = m and prof (S) = P, then we can write
S = (S5, Sl
as the P-substitution of the relative modes
S! = mode; (S, 9).
We refer to the ordinary concatenation
(S1,...,80) =flat(S’,S)

as the flattening of S’ relative to S.
Let Ref denote the poset category of nested tuples of positive integers under refinement, so that a
morphism in Ref is a refinement S’ — S. If S is a nested tuple, let

Ref(S) = {S" | 9’ refines S}
denote the poset of nested tuples refining S. Equivalently, Ref(S) is the slice category Ref .
Construction 3.2.5.1. [Relative mode inclusions] Suppose S’ — S is a refinement, and write
S! = mode; (S5, 9)

for the modes of S’ relative to S. Then S” and (S%,...,S,,) have the same flattening, so we have a
reparenthesization isomorphism

idfs: sy (Shse s Sh) ——

and we define
incl;(S',9): S, — 5

to be the composite

. _ %, o
S; incl; ((S1,..., Sr)) ( 17 o S;n) ! (S7es £/ g
of the ith mode inclusion of (S1,...,S),) with the reparenthesization isomorphism (S%,...,5;,) = 5.

Example 3.2.5.2. If S = (4,(9,25)) and S’ = ((2,2), ((3,3),25)), then S’ refines S, and inclz(5’, S)
is the nested tuple morphism

(3,3) 250 ((2,2),((3,3),25)).
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Construction 3.2.5.3. [Relative modes] Suppose f' : S’ — T’ is a nested tuple morphism, and
suppose S’ refines S. We define the ith mode of f' relative to S, denoted

mode;(f’,S) = f oincly(S",S) : S; — T’

to be the composite

5 incl; (S’,S) g Vid T

K2

In particular, we have
mode;(idg/, S) = incl; (S, 9).
Example 3.2.5.4. Suppose S = (4,(9,25)) and S’ = ((2,2),((3,3),25)), so that S’ refines S. If [’ is

the nested tuple morphism

f/

then modey(f/, S) is the nested tuple morphism

modes (f,S)

(37 3) (2’*)

(2,3,2,25).

Construction 3.2.5.5 (Pullbacks). Suppose f :.S — T is a nested tuple morphism lying over «, and
suppose T — T is a refinement. Let

T} = mode; (T",T)

denote the jth mode of T” relative to T, and for any 1 < ¢ < len(S), set

o _ {entryi(S) a(i) = *
T ai) =j.
We define the pullback of T' along f to be the nested tuple
S" = f*T" = sub(S, (S7,...,5..)).

For any 1 < i < m, let
flis =T

be the trivial map if «(i) = *, and the inclusion
incly(T",T): S; =T; = T’
if «(i) = j. The maps f1,..., f/. have disjoint images, so we form the concatenation
(fl, oo fr):(Sy,..., 80 ) =T
We define f’ = T" f to be the composite

L (S7, m)
idg, 1 (FfreeerFl)
%

S s (S S T

We refer to f’ as the pullback of f along T, and depict such a pullback as a square



Example 3.2.5.6. Suppose f : (64,32) — (4,64, 4,32) lies over o = (2,4). Then we have a pullback
square

((16,4), (16,2)) L ((2,2),(16,4),(2,2),(16,2))

L l

(64, 32) (4,64,4,32)

where f’ lies over o/ = (3,4,7,8).
Example 3.2.5.7. Suppose S is a nested tuple with flattening
S" = (51,1 8m),
and suppose S’ — S is a refinement with relative flattening
(S1,...,8).

Then the pullback of 8" — S along the unflattening isomorphism

Id(sl,...,sm) : (517 cee Sm) - S
is the reparenthesization isomorphism
id!
(81:--:57)
/ 1 m /
(S1,-s8p) ———= 8
(Sl,...,Sm)TS.

[CERIERE sm)

Example 3.2.5.8. Suppose S’ — S is a refinement, and consider the ith entry inclusion
S; — S.
Then the pullback of S’ — S along s; — S is the ith relative mode inclusion

g/ incl; (S’,9) I

S

Observation 3.2.5.9. The pullback construction above specifies a contravariant functor

Nest®® —— Cat

S —— Ref(S) FT — fT"
d Ir I
T —— Ref(T) T «T"

The key property of pullbacks is that the layout function of f’ is equal to that of f.
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Lemma 3.2.5.10. Suppose

1s a pullback square, where f lies over «. Let
fiS T
denote the ith mode of f' relative to S, and let
(Ly)" = (51, s 8m) : (di,. .. dm).

Then for any 1 < i < m, we have
coal(Ly/) = s; : d;.

Proof. Suppose 1 < i < m. If a(i) = %, then f/ is the trivial map, so
Lf{:SZOZSZdZ

In particular, coal(Ly/) = s; : 0 = s; : d;. Suppose next that a(i) = j # *. By construction of f’, we
have that
fi =inc;(T",T): T; = T".

which lies over the map o] given by t ~ leno;(T",T) +t. For each 1 <t < len(T}), we have

aj(t) = aj(t + 1), so Ly is a column major layout with size size(7}) = t; = s;. This implies that

coal(Ly) is a depth 0 layout of the form
coal(Ly/) =s;: e

for some integer e > 0. We claim that e = d;. If we write ¢, = entry;, ("), then we have

e = entry, (stride(Ly)) = H th

J'<ai(1)

= 11 t),

j'<len<; (T",T)

=[] size(T})

J'<j

Proposition 3.2.5.11. If

is a pullback square, then @, = Pr,,-
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Proof. We begin by fixing notation. Let m = len(S), and let

S = (s1,...,8m),
S! = mode; (S5, 9),
T; = mode;(T",T),
(Lf)b = (517"-a5m) : (d17~--;dm)~
Consider the reparenthesization isomorphism

idfs, sy (Shioo.Sh) = S

The composite of this map with f’ is the concatenation (fi,..., f],) where f/ is the trivial map if
a(t) = *, and the relative mode inclusion

incly(T",T) : S; =T; = T
otherwise. Using Lemma 3.2.5.10, and the fact that Ly = L(f{,_”’f;n), we compute
coal(Ly:) = coal(Lys,.. s )
= coal Lf{, ey Lffn))

(
(coal(Lys),...,coal(Ly )))
( Sm) : (d1y .oy dm))

= coal((sq,...

(
(
= coal(
((s1,
= coal(Ly).
By Proposition 2.3.3.11, we deduce that <I>Lf, =®p,. O

Construction 3.2.5.12 (Pushforwards). Suppose f :S — T is a nested tuple morphism lying over a,
and suppose S’ — S is a refinement. Let

S! = mode; (S, 9)

denote the ith mode of S’ relative to S, and for any 1 < j < len(T), set

T =

{entryj(T) J ¢ Image(a)

S ai) = j.
We define the pushforward of S’ along f to be the nested tuple
T' = f.8" =sub(T, (T},...,T))).

For any 1 < i <m, let
fiSisT

be the trivial map if «(i) = *, and the relative mode inclusion
incly(T",T): S; =T; = T’
if a(i) = 7. The morphisms f7,..., f/ have disjoint images, so we can form the concatenation

(f{77f7ln) : (51775;71)_>T/
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We define f’ = S’ f to be the composite

e )
S s (S,...,8) A, T

We refer to f’ as the pushforward of f along T. We depict such a pushforward as

Example 3.2.5.13. If f: (64,32) — (4,64, 4,32) lies over o = (2,4), then we have a pushforward
square

((16,4), (16,2)) L (4, (16,4),4, (16,2))

(64,32) ————— (4,64,4,32)

The key property of pullbacks is that the layout function of f’ is equal to that of f.

Lemma 3.2.5.14. Suppose

1s a pushforward square, where f lies over a.. Let
fiSioT
denote the ith mode of f' relative to S, and let
(Ly)" = (815 s8m) : (di, ..oy dm).

Then for any 1 < i < m, we have
coal(Ly/) = s; : d;.

Proof. The proof is identical to that of Lemma 3.2.5.10 O
Proposition 3.2.5.15. If
S/ f T/
| 7
is a pushforward square, then @, = <I>Lf,.
Proof. The proof is identical to that of Proposition 3.2.5.11. O
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Observation 3.2.5.16. The pushforward construction defined above specifies a covariant functor

Nest ——— Cat

S —— Ref(95) S — s
f

| I

T — Ref(T) £.8" = £.8'

Observation 3.2.5.17. If f: S — T is an isomorphism of nested tuples, then
Ref(T) —s Ref(S)

and

Ref(S) — Ref(T)

are inverse isomorphisms of categories. Specifically,
(f_l)* =f« and (f_l)* = f.

Observation 3.2.5.18. If S; and Sy are nested tuples with flat(S;) = flat(S3), then there is a
canonical nested tuple isomorphism S; = S5, and hence, a canonical isomorphism of categories

Ref(S;) = Ref(S,).

There is one more concept we need to specify, called mutual refinements. The importance of this
concept will be come clear in Chapter 4, when we use this concept in our layout composition algorithm.

Definition 3.2.5.19. Suppose T and U are nested tuples. A mutual refinement of (T,U) is a diagram

of the form
T — U’
||
T U

Explicitly, this is a pair of nested tuples (77,U’) such that
1. T’ refines T,
2. U’ refines U, and
3. T’ divides U’.
In addition to the definition of mutual refinements, we need the following fact.

Lemma 3.2.5.20. Suppose T and U are nested tuples. Then there is a one-to-one correspondence
between mutual refinements of (T,U), and mutual refinements of (T°, U®).

Proof. If (T',U’) is a mutual refinement of (T, U), then pulling back along the unflattening isomorphisms
id% and idg., yields a mutual refinement

(id5 ) T —— (idY, ) U’

| |

T U’
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of (T°,U"). Conversely, if ((T°)’, (U?)’) is a mutual refinement of 7, U®, then pulling back along the

flattening isomorphisms id; and idg yields a mutual refinement

(2 ) (7)Y — (T ) (U
T U

of (T°,U”). O
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3.2.6 Operations on nested tuple morphisms

Our next task is to develop an “algebra of nested tuple morphisms”. Since we have already developed
such an “algebra” for tuple morphisms, we can extend to the nested case by equipping the outputs of
our various operations with an appropriate profile.

3.2.6.1 Concatenate

Next, we define a concatenation operation on nested tuple morphisms, which is compatible with
concatenation of layouts, in that

Lis.g) = (Lf, Lg).
We concatenate nested tuple morphisms f and g by concatenating the domains of f and g. In order
for this to be well-defined, we need f and g to satisfy a disjointness condition, which we specify below.

Definition 3.2.6.1. Suppose f and g are nested tuple morphisms with the same codomain. We say f
and g have disjoint images if f° and ¢” have disjoint images, as in Definition 3.1.5.32.

Example 3.2.6.2. If
f:(3,(512,512)) — (2,512,2,512)

lies over (x,2,4) and
9:(2,2) = (2,512,2,512)

lies over (1,3), then f and g have disjoint images.

Example 3.2.6.3. If
f:(2,(32,64)) — (32,(2,2,2),64)

lies over a = (3,1,5) and
9:((2,2)) = (32,(2,2,2),64)

lies over 8 = (2,4), then f and g have disjoint images.

Construction 3.2.6.4. Suppose f: S — T and g : U — T are nested tuple morphisms lying over «
and 3, respectively, and that f and g have disjoint images. We define the concatenation of f and g to
be the nested tuple morphism

(f9): (SU) =T

with
flat((f,9)) = f* *g".

More generally, if f; : S; — T are nested tuple morphisms for 1 <4 < k, and fi,..., fx have pairwise
disjoint images, then we define the concatenation

(Frreeos fi): (Styeen, Si) = T
to be the nested tuple morphism with
(f17"'afk)b :flb**fz

Example 3.2.6.5. The concatenation of the morphisms f and g of Example 3.2.6.2 is the nested
tuple morphism
(f,9) : ((3,(512,512)),(2,2)) — (2,512,2,512)

lying over avx 8 = (x,2,4,1, 3).
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Example 3.2.6.6. The concatenation of the morphisms f and g of Example 3.2.6.3 is the nested
tuple morphism

(f,9) : ((2,(32,64)),((2,2))) — (32,(2,2,2),64)
lying over ax 8 = (3,1,5,2,4).

Example 3.2.6.7. If
f:(2,2) = (2,3,5,2,3,5)

lies over a = (1,4)
9:(3,3) = (2,3,5,2,3,5)

lies over 8 = (2,5), and
h:(5,5) —(2,3,5,2,3,5)

lies over v = (3,6), then f, g and h have pairwise disjoint images, and the concatenation
(f,g9.h):((2,2),(3,3),(5,5)) = (2,3,5,2,3,5)
lies over ax Bxv = (1,4,2,5,3,6).
Example 3.2.6.8. Suppose f: S — T is a nested tuple morphism, and suppose
S" = (51, 5m).
Recall from example 3.2.3.4 that for any 1 < i < m, there is a nested tuple morphism
fiisi—=T.
called the ith entry of f. These morphisms have pairwise disjoint images, and the concatenation
(fiyeos fm):S" =T

is the composite
(fi,-o s fm) = foidg
of Example 3.2.3.2

Example 3.2.6.9. Suppose f:S — T is a nested tuple morphism, and suppose
S =(S1,...,5).
Recall from example 3.2.3.6 that for any 1 < i < r, there is a nested tuple morphism
fi: S —T.
called the ith mode of f. These morphisms have pairwise disjoint images, and the concatenation
(fi,oo i f):S—T

is equal to f. In other words, every nested tuple morphism f may be written as the concatenation of
its modes:

f:(flv"'vf?”)'

Proposition 3.2.6.10. If f1,..., fx are nested tuple morphisms with the same codomain and with
pairwise disjoint images, then
Ligy,ip) = (Lps--os Ly
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Proof. By construction, we have

Shape((Lflv ceey Lfk)) (Shape(Lfl)a s 7Shape(Lfk))

shape(L(fl)“_Jk)).

and using Proposition 3.1.5.38, we have

(LyysooiLp)’ =Ly %% L%,

=Lt
= L(f17~--»fk)b

b
=(Ltrfi)-

3.2.6.2 Coalesce

We can obtain a coalesce operation on nested tuple morphisms by flattening, coalescing in Tuple, then
including back into .

Definition 3.2.6.11. If f: S — T is a nested tuple morphism, then we define

coal(f) = coal(f?)

to be the image of coal(f”) under the inclusion Tuple — Nest.

Example 3.2.6.12. If
f:0(2,2),(3,3),(5,5) — (5,5,3,3,2,2)

lies over « = (5,6,3,4,1,2), then
coal(f) : (4,9,25) — (25,9,4)
lies over o = (3,2,1).
Proposition 3.2.6.13. If f : S — T is a nested tuple morphism, then
coal(Ly) = Leoal(y)-

Proof. We compute

Leoai(£) = Leoal(s?)
= coal(Ly»)
— coal(Ly)")
= coal(Ly).
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3.2.6.3 Complement
In this section, we define the notion of complementary nested tuple morphisms.

Definition 3.2.6.14. Suppose f: S — T and g : U — T are nested tuple morphisms with disjoint
images. We say g is a complement of f if

(f9): (SU) =T
is an isomorphism.

Remark 3.2.6.15. If f: S — T and g : U — T are nested tuple morphisms, then g is a complement of
f if and only if ¢* is a complement of f, since (f, )" = f* % ¢°.

Proposition 3.2.6.16. If f : S — T is a nested tuple morphism and g : U — T is a complement of f,
then Ly is a size(T')-complement of Ly.

Proof. Observation 3.2.2.5 implies that

(Ly)" =Ly, and
(Lg)b =L

gb

and Lemma 2.3.6.2 allows us to reduce to the flat case (Proposition 3.1.5.42). O

Construction 3.2.6.17. Suppose f : S — T is a nested nested tuple morphism. We define the
complement of f to be the composite

v—2 7

NG

where (fb)c, is as defined in Construction 3.1.5.45, and id% : T" = T is the unflattening isomorphism.
Example 3.2.6.18. The complement of the nested tuple morphism

f

((27 2)7 (5v 5)) W ((27 57 7)a (2’ 57 7))
(7,7) —— ((2,5,7),(2,5,7)).

Proposition 3.2.6.19. Suppose f : S — T and g : U — T are nested tuple morphisms. If f is
injective and g is a complement of f, then L, is a size(T)-complement of Ly.

Proof. This follows from Proposition 3.1.5.42 and Lemma 2.3.6.2 since
(Ly) =Lp
(Lg)b =L

gb.

Proposition 3.2.6.20. If f : S — T is an injective nested tuple morphism, then

coal(L je) = comp(Ly,size(T)).
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Proof. Since f¢ is obtained from (f*)¢ by post-composing with a reparenthesization isomorphism, it
follows that
Lfc = L(fb)c

so by Proposition 3.2.6.20, it follows that
coal’(Lyse) = comp’(Ly, size(T)).

Applying coal(—) to both sides yields the result. O

3.2.6.4 Composition

We begin by illustrating that composition of nested tuple morphisms is compatible with composition
of the associated layouts.

Theorem 3.2.6.21. If f and g are composable nested tuple morphisms, then
Lyog =LgoLy.
Proof. Suppose f:S — T and g : T — U are nested tuple morphisms. We need to check that
1. Ly and Lgoy are compatible: This holds since

shape(Ly) = S = shape(Lgoy).

2. Image(®r,) C [0,size(Ly)): This holds since &, = ®r,, and size(Ly) = size(LZ)7 and we
already observed in the flat case that |mage(<I>Lfb) C [0,size(Ly))-

3. ®p,,, =%, 0 <I>SLEZ:(L9): Using Lemma 3.2.4.2, we have
@ifj}j@ = colexyy o Fi(go f) o colexg!

= colexy o F(g) o F(f) o colexg'

= colexy o F'(g) o colexy! o colexy o FI(f) o colexg?

= (colexU o F(g)o colex}l) o (colexT o F(f)o colexgl)

_ (I)sLize(U) o q)iie(T)
and by postcomposing with the inclusion [0, size(U)) C Z, and observing that size(T) = size(L,),
the result follows.

O

3.2.6.5 Logical division

Next, we introduce logical division of nested tuple morphisms. This construction is obtained from flat
division by introducing nesting profiles, with no compatibility constraints.

Definition 3.2.6.22. Suppose f and g are nested tuple morphisms. We say g divides f if g and f are
composable. In other words,
codomain(g) = domain(f).
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Definition 3.2.6.23. Suppose g: S — T and f : T — U are nested tuple morphisms. We define the
logical division of f by g to be the nested tuple morphism

fog=fol(g,9°.

Example 3.2.6.24. The logical division of

((2:2),2) —z37— (4,2),(4,2))

by

(27 2) # ((27 2)7 2)

is
((2.2).2) —32%— ((4,2),(4,2)).
Example 3.2.6.25. The logical division of

(8,8,512,512,512) (—fzg)> (512,512, 512)

by
(8,512) # (8,8,512,512,512)
is
((8,512), (8,512, 512)) — 22— ((4,2), (4,2)).

Proposition 3.2.6.26. Ifg: S — T and f: T — U are nested tuple morphisms, then
coal(Lypg) = coal(Ly @ Ly).
Proof. By Proposition 3.2.6.20, we have
coal(comp(Ly,size(Ly))) = coal(Lge)
and we compute

coal(Ly @ Ly) = coal(Ly o (L, comp(Lg,5|ze(Lf))))
= coal(Ly o (Lg, Lge))

oal(
(
= coaI(Lf o L(g,g¢ ))
(
(
oal(

coal(Ly o Ly gey)

oal LfO(g g° )
Lf@g

Proposition 3.2.6.27. If f and g are nested tuples and g divides f, then

(fog'=fog.
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Proof. We compute

3.2.6.6 Logical products

In this section, we define the logical product of nested tuple morphisms.

Definition 3.2.6.28. Suppose f and g are nested tuple morphisms. We say f and g are product
admissible if codomain(g) = domain(f¢). If f and g are product admissible we define the logical product
of f and g to be the nested tuple morphism

feg=(ffog).

Example 3.2.6.29. The nested tuple morphisms

(8,8) T) (8,8,16,16)

and
(16,16) ﬁ) (16,16)
are product admissible, and their logical product is

((8,8), (16, 16)) % (8,8, 16, 16).

Example 3.2.6.30. The nested tuple morphisms

(128,128) (5—’”4)> (32, 32,128, 128)

and
(32) + (32,32)

are product admissible, and their logical product is

((128,128), (32)) % (32, 32,128, 128).

Proposition 3.2.6.31. Suppose f and g are nested tuple morphisms and that f and g are product-
admissible. Then
Ligg = L§ ® L.

Proof. Suppose f:S — T and g: U — V are product admissible, and set

7 = comp(Ly,size(Ly) - cosize(Ly))
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Since f is injective and codomain(g) = domain(f€), it follows that
size(Ly) - cosize(Ly) < size(S) - size(V') = size(T).
Using this fact, and the fact that
(I)comp(Lf,size(T)) = (I)Lfm
we have
7oLy =comp(Ly,size(T)) o L,
= LjcoL,.
Using this fact, we compute
Lf X Lg = (Lf,L; o Lg)
= (Ly Lye o Ly)
= (Lg Lyeog)

= L(s,e09)
= Lf®g
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Chapter 4
Computations

The categories Tuple and Nest offer a powerful framework for computing with tractable layouts. It
is frequently the case that in practice, however, one comes across tractable layouts A and B that
are composable in the context of cute but whose standard representations are neither composable
in Tuple nor Nest. This chapter is dedicated to the explication of how one may nevertheless use the
categories Tuple and Nest to compute the composition, logical division, and logical product of tractable
layouts, using the notion of mutual refinement. We introduce this notion in Section 4.1.1, present
an algorithm for computing mutual refinements in Algorithm 4.1.1, and work through many explicit
examples.

4.1 Composition

Suppose we want to compute the composition B o A of the tractable layouts
A=(6,6):(6,1),
B =(12,3,6) : (1,72,12).

We might try to compute B o A by computing the composite of the standard representations f and g

of A and B:
6 3
6><6 3><6
6 6 12— 12

f g

However, these morphisms are not composable, since the codomain (6, 6) of f is not equal to the domain
(12,3,6) of g. This means that we can not use the morphisms f and g to compute the composite B o A
directly. We can, however, proceed with our computation by finding a mutual refinement of (6,6) and
(12,3,6), as depicted below

AN
/)7

—
N}

6
6 —

This is a device which converts f and g into composable morphisms f’ and ¢’:
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3 6 3
/ /
6 > - 673 2
6 6 6 6 2 6
/ f!

6 6 3
3§6><3 3 g
2 6 - 2 49
6 12 12 6 — 6

/

g g

The morphisms f’ and ¢’ are composable, so we may form the composite

6 3 3
P 3 g P 6
6 3 2— 2 ~ 6 3 2
- el 6

fl g/ g/ o f/
and computing the encoded layout yields
BoA= Lyogr = ((2,3),6) : ((6,72),1).

The goal of this section is to formalize this computational process into an algorithm for computing
the composite of tractable layouts A and B. As we saw in our example, the non-trivial steps in our
computation were

1. finding a mutual refinement of certain (nested) tuples, and
2. using the mutual refinement to convert f and g into composable morphisms f’ and ¢’.

We dedicate the following two sections to the explication of these steps.

4.1.1 Mutual refinements

Before giving a precise definition of mutual refinements using the categorical framework of Chapter 3,
we give an informal overview. Consider the tuples (6,6) and (12,3, 6) of our motivating example. We
asserted that the diagram

6

8
6—2 "3
6 — 6 — 12

is a mutual refinement of (6,6) and (12,3,6). We can give a more precise description of this mutual
refinement as follows. The left half of the diagram represents the refinement (6,6) « (6, (2, 3)), and
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the right half of the diagram represents the refinement ((6,2),3,6) — (12,3, 6):

3

6~ 2 o~ (6,6) «—— (6,(2,3))

6 — 6

6

3 ™S¢

2 3 o~ ((6,2),3,6) —» (12,3,6)

\
6 — 12

The fact that the two halves of the diagram may be glued together corresponds to the fact that the
nested tuple (6, (2,3)) divides ((6,2), 3,6), which we denote

(6,(2,3)) —— ((6,2),3,6).

Putting these observations together, we may express our mutual refinement precisely as

6
\
3 6 (6,(2,3)) —> ((6,2),3,6)
62 3 s | |
6 — 6 — 12 (6,6) (12,3,6)

where we opt to depict the refinements (6,6) « (6, (2,3)) and ((6,2),3,6) — (12,3,6) vertically. We
can now give a precise definition of mutual refinements.

Definition 4.1.1.1. Suppose T' and U are nested tuples. A mutual refinement of (T,U) is a diagram
of the form

T »—s U’
L
T U

Explicitly, this is a pair of nested tuples (77,U’) such that
1. T’ refines T,
2. U’ refines U, and
3. T’ divides U’.
Example 4.1.1.2. A mutual refinement of T'= (6,6) and U = (2,6, 3) is given by

((2,3),(2,3)) —— (2,(3,2),3)

| |

(6,6) (2,6,3)
We depict this mutual refinement as follows.

3
6£2i3
/3—6
62— 9
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Example 4.1.1.3. A mutual refinement of T = (8,8,8) and U = (2,8, 8, 8) is given by

((2,4),(2,4),(2,4)) = (2,(4,2),(4,2), (4,2))

l |

(8,8,8) (2,8,8,8)
We depict this mutual refinement as follows.

2
15
s o
4>8
s o
.

/4—8
8§ —2 — 2

Example 4.1.1.4. A mutual refinement of T'= (8,8,8) and U = (2,8, 8, 8) is given by

(4,2,2,(2,16)) —— ((4,2,2,2),(16,2))

| |

(4,2,2,32) (32,32)

We depict this mutual refinement as follows.

2
/// 16 > 39
3279
R 2\\\\\
99
AN
4—— 4 =39

Example 4.1.1.5. If T'= (8,8) and U = (3,8, 8), then there does not exist a mutual refinement of T
and U.

Observation 4.1.1.6. In each of the previous examples, we have considered mutual refinements of
flat tuples T and U. The definition of mutual refinement, however, allows T and U to be any nested
tuples. In any case, restricting to the flat case is no loss of generality, because there is a one-to-one
correspondence between mutual refinements of a pair of nested tuples (T, U), and mutual refinements
of their flattenings (7°,U®) (see Lemma 3.2.5.20). In particular, there exists a mutual refinement of
(T,U) if and only if there exists a mutual refinement of (77, U”).

Having made the appropriate definitions, we provide an algorithm for computing a mutual refinement
of (T, U).

Algorithm 4.1.1: Mutual refinement algorithm
1 Input: Nested tuples 7" and U.
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Algorithm 4.1.1 (continued): Mutual refinement algorithm

2 Output: A mutual refinement (77,U’) of (T, U), if one exists, else None.

3 X«T;, YU

1 XY, Ximodes Ymode ()

549+ 1; 541

¢ while i <len(X) and j <len(Y) do

7 if entry;(X) = entry;(Y) then

8 append entry, (X) to Xmode; append Xmode t0 X'; Xmode < ()
9 append entry,(Y) to Yinode;

10 append Yiede to Y';

11 Yimode < ()

12 141+ 1;

13 j—i+1

14 else if entry,(X) divides entry,(Y) then
15 append entry; (X) to Xmode;

16 append Xode to X';

17 Xmode «— ()

18 append entry, (X) to Yiode

19 entry,(Y) < entry;(Y)/entry,(X);
20 t4—1+1
21 else if entry,(Y') divides entry,(X) then
22 append entry; (V) to Xmode;
23 append entry; (V) to Yiode;
24 append Yiede to Y';
25 Ymode ()
26 entry, (X) < entry,(X)/entry,(Y);
o7 jej+1
28 else
29 return None
30 end if
31 end while
32 if Yiode # () then
33 append entryj(Y) t0 Ymode;
34 append Ymode to Y;
35 jJ+1
36 end if
37 while j < len(Y) do
38 append entry;(Y) to Y';
39 j—3+1

10 end while
BEVARS (X,)prof(T)§

0 U+ (Y/)prof(U)

13 return (77,U7)
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4.1.2 From mutual refinements to composable morphisms

Recall that in order to compute the composition B o A of

A= (6,6):(6,1) and
B =(12,3,6) : (1,72,12),

we constructed tuple morphisms
6 3
Gi o6 3 g
6 6
f g

and a mutual refinement.

A
/7

6
6

[
[\

The next step in our computation is to use our mutual refinement to convert f and g into composable
morphisms f’ and ¢’. Before giving a formal, categorical definition of this process, let’s illustrate the
process with an example.

We construct f/ from f and the left half of our mutual refinement:

6 6
o 3 e 6 3
6 — 6=—2 ~ 63 § 2
6 6 — 6 6 — 2 6
f f!
This construction is made by making the replacement
6 ~ 6 — 6

S ~

and making the replacement

/3
6 — 2 s

L
L

6

More generally, we make the replacement

Y
j

i
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The process for constructing ¢’ from g, and the right half of our mutual refinement is similar.

6 6 3
~_ ]
3 ~ 6 >< 3 3 6
2 3 6 ~ 2 — 2
6 — 12— 12 6 — 6
g g
This construction is made by making the replacements
6 — 6+——6 ~ 6 — 6
3—3+——3 ~ 3—3

2\ 2+ 2
6 — 12 — 12 ~> 6 —6

More generally, we make the replacement

"\ T
T T L.

Having given an informal description of our procedure, we make things precise as follows.

Construction 4.1.2.1. Suppose f:S — T and g : U — V are nested tuple morphisms, and (77, U")
is a mutual refinement of (7,U). Then we may use the pullback and pushforward constructions of
section 3.2.5 to form the diagram:

If we set f' =io f and ¢ = §, then

S/ f U’ g \&

are composable nested tuple morphisms.

4.1.3 The composition algorithm

Algorithm 4.1.2: Tractable layout Composition Algorithm
i Input: Tractable layouts A and B.

146



Algorithm 4.1.2 (continued): Tractable layout Composition Algorithm

2 Output: A weak composite C' of A and B, if one exists, else None..

3 Take the standard representations

s— 1 7 U—9 vy

of A and coal(B), respectively.
1 Use Algorithm 4.1.1 to produce a mutual refinement

T — U’
L
T U

of (T,U). If there does not exist a mutual refinement of (T,U), return None.
5 Use Construction 4.1.2.1 to obtain the composable nested tuple morphisms

s L v Ly
6 Compose f’ and ¢, and compute the encoded layout

C = Lglofl

7 return C

Theorem 4.1.3.1. If A and B are tractable layouts, then the output C' of the previous algorithm is a
weak composite of A and B. Consequently,

B o A = coal(C, shape(A)).
Proof. Proposition 3.2.5.15 and tells us that
r, =P, = Peoa(n) = 5,
and Proposition 3.2.5.11 and Example 3.1.3.6 tell us that
®p,, =L, = Pa.
Theorem 3.2.6.21 then implies that

¢C = (I)Lg’of/ = CI)g, o (I)Sfife(U/)

= dp o dP),

By construction, the shape S’ of Ly refines the shape S of A, so we conclude that C is a weak
composite of A and B. O

4.1.4 Examples

In this section we illustrate how Algorithm 4.1.3 may be used to compute the composition B o A of
tractable layouts A and B.
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Example 4.1.4.1. Suppose A = (4): (1), and B =(2,2) : (2,1).
1. Take the standard representations of A and coal(B) = B.

2 2
4— 1 2 :>< 2
f g
2. Apply Algorithm 4.1.1 to obtain the mutual refinement
o 2 — 2
4=—2—2
3. Form the diagram
2 — 2 2
PRl S < 2
f g

4. Resolve the diagram

5. Compose f’ and ¢’ to obtain

LTS,

6. Compute the associated layout
Lyop =((2,2)) : ((2,1)).

7. Lgos is coalesced over (4), so
BoA= ((272)) : ((2? 1))
Example 4.1.4.2. Suppose A = (6,6) : (6,1), and B = (12,3,6) : (1,72,12).

1. Take the standard representations of A and coal(B) = B.

6 3

6 6 3><6

6 g 12— 12
f g

2. Apply Algorithm 4.1.1 to obtain the mutual refinement

6

3 ¢

6= 9 3
\

6 — 6 — 12
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3. Form the diagram

6

/3i6><3

6:><6—2\3 6

6 6 — 6 — 12— 12
f g

4. Resolve the diagram to obtain

6 - 3 22
6 - 2 6 — 6
f g
5. Compose f’ and ¢’ to obtain

3

6 6

6 - 3 2

6 é 2 6

g'of

6. Compute the associated layout
Ly = ((2:3),6) : ((6.72), ).
7. Ly is coalesced over (6,6), hence
BoA=((2,3),6):((6,72),1).

Example 4.1.4.3. Suppose A = (6,6) : (5,60), and B = (10, 360) : (2,60).

1. Take the standard representations of A and coal(B) = B.

6 360
/ ’ / 5
6 6 360 10
6 s 0 2
f g
2. Apply algorithm 4.1.1 to obtain the mutual refinement
10
— 0
6 - 2
273 O\
N
6 — 2 \360
5 —5——10



3. Form the diagram

10
6
6 — 2 360
/ 27 3\ / 3
6 6 — 2 > 360 10
6 55 “1g— 9
f g
4. Resolve the diagram to obtain
10
/ 0
10/ 2
6 / 3
/ 2 / 3
6 3 2
67 3 o s
6 o 5 3
f g
5. Compose f’ and ¢’ to obtain
10
6
2
3
3
6 2
6 -~ 3 / 5
6= 2 2
gof
6. Compute the associated layout
Lyos =((2,3),6) : ((10,60),360).

7. The layout Ly is coalesced over (6,6), so

BoA=((2,3),6):((10,60), 360).
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Appendix A

An introduction to categories

Throughout this work, we freely use the language of categories which are mathematical objects which
abstract the notion of morphisms and their composition. The purpose of this appendix is to provide a
concise and user-friendly introduction to the basics of categories. In particular, we aim to the answer
the following questions:

1. What is a category?
2. What is a functor?

Those capable of answering these questions with confidence, and with examples in mind, will be able to
understand the most important conepts and constructions in the current work. For those interested in
learning the more advanced concepts from category theory, such as natural transformations, adjunctions,
and (co)limits, we recommend [1].

A.1 What is a category?

We begin by addressing the first question. Before giving a definition, let’s consider a motivating
example. Suppose X and Y are sets. A function f : X — Y assigns to each element x € X some
element f(z) € Y. We refer to X as the domain of f and to g as the codomain of f.

Example A.1.0.1. There is a function f : Z — Z given by
flz) = 2.
Example A.1.0.2. There is a function ¢ : Z — Bool given by

g(x) =

True =z is even,
False zis odd.

If f: X —>Y and g: Y — Z are functions, then we can compose f and g: The composite of f and
g is the function go f : X — Z given by

(go f)(x) = g(f(x)).

Example A.1.0.3. If f and g are the functions of Examples A.1.0.1 and A.1.0.2, then the composite
go f:7Z — Bool is given by
(g f)(x) = True.
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Composition of functions satisfies two essential properties. First, composition is associative: if f
and g are composable, and g and h are composable, then

ho(gof)=(hog)of.
Second, every set X has an identity function idx : X — X given by
idx(z) = .

If f: X — Y is any function, then precomposing with idx or post-composing with idy leaves the
function f unchanged:

foidy = f=idyof.

In pure and applied mathematics, there are many instances where we have some collection of
objects, and morphisms between those objects, which have the same formal behavior of sets and
functions: morphisms can be composed in an associative fashion, and objects admit identity morphisms.
While functions between sets are the prototypical example, the objects in a category need not be sets,
and the morphisms in a category need not be functions. We will see many such examples later on. To
capture this recurring structure, we define the notion of a category.

Definition A.1.0.4. A category C consists of

1. a collection of objects:
ob(C)={X,Y, Z,... }.

These objects may be sets, tuples, numbers, vector spaces, matrices, or some other mathematical
structure, depending on the category C.

2. a collection of morphisms between those objects:

mor(C) = {f,g,h,...}.
Each morphism f: X — Y in C has a domain X and a codomain Y, which are objects in C.

3. a composition rule: If f: X — Y and g: Y — Z are morphisms in C, then there is a morphism
gof: X—Z
called the composite of f and g. Composition of morphisms in C is associative, in that
hol(gof)=(hog)o .
when defined.

4. identity morphisms: If X is an object in C, then there is a morphism
idX X =X
called the identity morphism on X. If f: X — Y is any morphism in C, then

foidy = f =idy o f.

Let’s take a look at some important examples of categories. We begin with the motivating example.

152



Example A.1.0.5. There is a category Set whose objects are sets, and whose morphisms are functions.
The composition of morphisms is given by functional composition:

(9o f)(x) = g(f(x))
and the identity morphism on a set X is the identity function
idx(z) = .

Example A.1.0.6. There is a category Vect whose objects are the vector spaces R™ for n > 0, and
whose morphisms are matrices. Specifically, a morphism

A:R" - R™
in Vect is a m x n matrix A. Composition in Vect is given by taking matrix products:
BoA=BA,

and the identity morphism on R™ is the n X n matrix

0 1
idgn = I, = :
10

Example A.1.0.7. There is a category Div whose objects are integers a > 1, and in which there is a
unique morphism
divb :a —b
if a divides b. If a divides b and b divides ¢, then a divides ¢, which means that we have a well defined
composition rule
divy o din =div,
and the identity morphism
id, = divg
exists since every positive integer a divides itself.

In addition to the definition of a category, there are a few important categorical concepts that we
need to understand. For instance, it is important to understand the notion of an isomorphism, which
generalizes the notion of a bijection of sets.

Definition A.1.0.8. Suppose C is a category, and suppose f: X — Y is a morphism in C. We say f
is an isomorphism if there exists a morphism f~!:Y — X in C such that

1. f~'o f =idx, and
2. fof l=idy.

Example A.1.0.9. In the category Set, an isomorphism is a bijection: a function f: X — Y such
that for each y € Y, there exists a unique x € X with f(z) = y. For example, the function f:Z — Z
given by

flz)=2+10

is a bijection, with inverse f~! : Z — Z given by

fHz) =2 —10.
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Example A.1.0.10. In the category Vect, an isomorphism is an ¢nvertible matriz. For example, the
matrix

3 2
A p—
.
is invertible with inverse
1 -2
Al =
-
since
1 0
A7TA = =AA"!
b )

Example A.1.0.11. In the category Div, the only isomorphisms are the identity morphisms
id, = divg.

This is because if a divides b and b divides a, then a = b.

A.2 What is a functor?

Next, we turn our attention to the second question.
Definition A.2.0.1. Suppose C and D are categories. A functor F' : C — D consists of

1. for each object X in C, an object FFX in D, and

2. for each morphism f: X — Y in C, a morphism

Ff:FX — FY
in D,

satisfying the following properties:

1. F is compatible with composition: If f and g are composable morphisms in C, then

F(gof)=FgoFf.
2. F'is compatible with identities: If X is an object in C, then
Fidx =idpx.
Example A.2.0.2. There is a functor F' : Div — Set defined as follows. On objects, F' is given by
Fa=10,al={z€eR|0<z<a}.
and on morphisms, F' is given by
Fdivl(z) = S

Let’s verify that F' is a functor.

1. F is compatible with composition: If a divides b and b divides ¢, then

(Fdivi o Fdiv®)(z) = Fdiv(Fdiv® (z)) = g : (2 1) = g -z = Fdiv ().
2. F'is compatible with identities: If @ > 1, then
Fidy(z) = Fdiv®(z) = % -z = idpa(2).
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